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A B S T R A C T

Impedance eduction of acoustic liners with flow is commonly performed under the assumption
of a uniform velocity profile. In practice, the flow profile is not uniform and a significant mean
flow shear is present close to the duct wall. The present paper aims to assess the validity of
the uniform flow assumption, and more generally to study the effect of the mean flow shear
on the impedance eduction process. This is particularly relevant when considering large ducts,
high frequencies, high-order acoustic modes and flow velocities representative of aircraft engine
nacelles. A numerical mode-matching model is used to compute the sound field in a 2D lined
duct with different flow profiles. A detailed parametric study evaluates the influence of the
mean flow shear on the axial wavenumbers of the acoustic modes and on the educed impedance.
Various parameters are considered: the flow velocity profile (boundary layer thickness and mean
Mach number), the direction of acoustic propagation relative to the flow, two different liner
configurations and the presence of noise in the pressure data. A number of recommendations
are given to achieve robust impedance eduction in large-duct facilities and at high-frequencies.

. Introduction

Acoustic liners are widely used to reduce noise emissions from aircraft engines. Understanding their behaviour under realistic
onditions is crucial for their development and design. A recent trend is to use impedance eduction to characterise acoustic liners
n the presence of flow. These techniques can be broadly classified into two main categories: inverse and direct methods.

An inverse eduction method is an optimisation process that involves minimising the difference between acoustic quantities in the
xperimental and simulated fields, such as scattering matrix [1], insertion loss [2], acoustic pressure [3], acoustic wavenumber [4],
tc. Various models can be used to simulate the acoustic field, such as the Convected Helmholtz Equation (CHE) [5], the Linearized
uler Equations (LEE) [5] and the Linearized Navier–Stokes Equations (LNSE) [6].

In contrast to the iterative process in the inverse method, direct methods only require a one-off calculation using a direct
elationship between the axial wavenumber 𝑘𝑥 and the liner impedance 𝑍. The wavenumber is calculated from acoustic pressure
easurements provided by a microphone array. The majority of direct impedance eduction methods [7–10] rely on the assumption

f a uniform mean flow and the Ingard–Myers impedance condition [11,12], whereas others assume a sheared mean flow and use
he Pridmore Brown Equation [13,14].

Considering a sheared flow, published results indicate that the assumption of uniform flow may introduce errors in the impedance
esults. A comparative study in the NASA GFIT [5] showed that differences would occur between the eduction results using the
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Fig. 1. Schematic of the 2D duct with a lined section.

assumptions of uniform and shear flow, and could be greater at higher Mach numbers. More recently, Jing et al. [14] exploited
a straightforward method for impedance eduction in the presence of shear flow and boundary layer effects, and showed that the
eduction was not susceptible to the exact shape of boundary layer, similar to the conclusion in [15]. Roncen et al. [16] evaluated
the uncertainties on the flow profile in the modal decomposition based on Bayesian inference. They concluded that the uniform
flow assumption did not introduce significant errors when considering only one mode propagation, and suggested more exploration
on the impact of the use of the uniform flow assumption when considering multiple mode propagation. Subsequently, they noted
that an apparent mismatch between wavenumber definitions appeared when considering a uniform mean flow [4]. However, when
considering a larger duct, Spillere et al. [17] noted that the educed impedance was affected when considering a more realistic flow
profile, which differs from the previous observations. Consequently, some questions remain: to what extent does the mean flow
shear alter the impedance eduction? Is this effect influenced by other parameters such as duct size, frequency, flow velocity?

Most of experimental research focused on small cross-section ducts, while studies on the effect of shear flow in large ducts are
limited. An existing study on large ducts is in the NASA CDTR [8,9]. The investigation showed similar impedance eduction results
in a duct with small cross-section (the GFIT) and in a large-scale duct (the CDTR) when using the uniform flow assumption. The
only discrepancies observed between the two ducts were at the very low, or very high, frequencies. This was explained by the low
attenuation and the appearance of a higher-order mode, respectively [9]. While these experimental data provides useful information
on the differences observed between small and large ducts, the impact of the mean flow shear on the eduction method remains to
be more precisely assessed.

The present study aims to investigate the influence of the mean flow shear on the direct impedance eduction method, especially in
the condition of large ducts and flow velocities representative of turbofan nacelles. For this purpose, we examine the effects of shear
flow in two ways, first by assessing the change in the acoustic field and then by considering the eduction results. In addition, we
develop and validate a double-liner configuration to improve the eduction performance in large ducts and with measurement noise.
Section 2 introduces the numerical methods used to compute the acoustic field in 2D ducts and to calculate the liner impedance,
considering both single- and double-liner configurations, assuming either a uniform flow or a sheared flow. In Section 3, a parametric
analysis studies the effects of shear flow on the acoustic propagation and on the applicability of the uniform flow assumption
when calculating the impedance from the wavenumber. Then, Section 4 presents the applications of these methods to numerical
simulations of the impedance eduction method. Conclusions are outlined in Section 5.

2. Numerical methodology

This section starts by describing the numerical models used to calculate the sound fields in a 2D duct with either uniform or
sheared mean flows. Then, these models are modified to compute the wall impedance from the knowledge of the axial wavenumbers
of the sound field.

2.1. Calculation of a 2D acoustic field

We consider a 2D duct composed of three sections, as shown in Fig. 1. The first and third sections have hard walls, while the
walls of the middle section can be treated with a locally reacting liner (either both the upper and lower walls, or only the lower
wall). The height of the duct is denoted 𝐻 and the length of the lined section is 𝐿. The axial coordinate is denoted 𝑥 and 𝑦 is
the vertical coordinate. A single incident duct mode is propagating toward the liner from the left-hand side. The duct exit on the
right-hand side is considered anechoic. A collection of pressure points mimicking the presence of a linear array of microphones will
be used in the last part of the paper to perform numerical impedance eduction, which corresponds to the realistic case where the
microphones are mounted on the lateral wall. The next sections introduce the propagation models, including either a uniform flow
or a parallel sheared flow. These models are for linear acoustic waves with an implicit time dependence given by e+i𝜔𝑡 where 𝜔 is
2

the angular frequency.
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2.1.1. Uniform flow case
We first assume that the duct contains a uniform axial flow with mean velocity 𝑢0, density 𝜌0 and sound speed 𝑐0. In this case,

he acoustic pressure 𝑝(𝑥, 𝑦) in the duct is governed by the convected Helmholtz equation:

1
𝑐20

D2
0𝑝

D𝑡2
− ∇2𝑝 = 0, (1)

where D0∕D𝑡 = 𝜕∕𝜕𝑡 + 𝑢0𝜕∕𝜕𝑥 is the material derivative associated to the mean flow. The boundary condition for a rigid wall is
𝜕𝑝
𝜕𝑛

= 0, (2)

indicating that the normal particle velocity vanishes at the duct wall. In the case of a lined wall, the Ingard–Myers boundary condition
is used [12]:

𝜕𝑝
𝜕𝑛

= −
D2
0

D𝑡2
𝑝

i𝜔𝑐0𝑍
, (3)

where 𝑍 is the specific surface impedance (i.e. normalised by 𝜌0𝑐0) and 𝑛 is the outward unit normal to the wall.
In each section of the duct, the acoustic pressure can be sought in the following modal form:

𝑝(𝑥, 𝑦) =
∑

𝑛
𝐴+
𝑛 𝛹

+
𝑛 (𝑦)e

−i𝑘+𝑥𝑛𝑥 +
∑

𝑛
𝐴−
𝑛 𝛹

−
𝑛 (𝑦)e

−i𝑘−𝑥𝑛𝑥, (4)

where each mode is defined by an amplitude 𝐴±
𝑛 , a shape function 𝛹±

𝑛 and an axial wavenumber 𝑘±𝑥𝑛. The wavenumbers and shape
functions are solutions of an eigenvalue problem obtained from Eq. (1)–(3) and assuming solutions of the form 𝑝 = 𝛹 (𝑦)e−i𝑘𝑥𝑥. For
a rigid-wall section, this eigenvalue problem can be solved analytically, and the mode shape function is given by

𝛹𝑛(𝑦) = cos
(

𝑛𝜋
𝑦
𝐻

)

. (5)

For a lined section, this problem is solved using a pseudo-spectral method [18]. More precisely, the pressure field is approximated
using a basis of 𝑁 Chebyshev polynomials and the differential equation is solved at 𝑁 − 2 Chebyshev points along the 𝑦 axis. The
resulting linear system is then closed using the two boundary conditions.

Once the modal basis is known in each section, the acoustic propagation in the whole duct is modelled using a mode-matching
method [19]. This allows computing the modal amplitudes 𝐴±

𝑛 in each section, based on the conservation of mass and momentum.
The results shown in this paper have been checked for convergence with respect to 𝑁 and to the number of duct modes used in

the mode-matching scheme.

2.1.2. Shear flow case
Two common models used to describe sound propagation in parallel shear flows are the Linearised Euler Equations (LEEs) or

the Pridmore Brown equation. An issue is that the gradient 𝑢′0(𝑦) of the mean flow profile appears in these equations. For some
common flow profiles, such as the inverse law profile [17], this velocity gradient tends to infinity at the duct wall, which can create
difficulties for the numerical solutions. To avoid this issue, we introduce the vertical acoustic displacement 𝜉 which is related to the
vertical acoustic velocity 𝑣 by 𝐷0𝜉∕𝐷𝑡 = 𝑣. The LEEs can then be written as follows in terms of 𝑝 and 𝜉:

𝜕𝑝
𝜕𝑦

+ 𝜌0
𝐷2

0𝜉

𝐷𝑡2
= 0, (6a)

𝜌0𝑐
2
0

𝐷2
0

𝐷𝑡2
𝜕𝜉
𝜕𝑦

− 𝑐20
𝜕2𝑝
𝜕𝑥2

+
𝐷2

0𝑝

𝐷𝑡2
= 0. (6b)

It can be seen that the gradient of the mean flow does not appear explicitly. The impedance boundary condition can be directly
written 𝜉 = −𝑝∕(i𝜔𝜌0𝑐0𝑍) and 𝜉 = 𝑝∕(i𝜔𝜌0𝑐0𝑍) for the lower and upper walls, respectively.

In each section, the pressure 𝑝 and displacement 𝜉 are both written in modal form, as in Eq. (4). Assuming that 𝑝 and 𝜉 have an
xial dependence given by e−i𝑘𝑥𝑥 yields

𝜕𝑝
𝜕𝑦

− 𝜌0(𝜔 − 𝑢0𝑘𝑥)2𝜉 = 0, (7a)

−𝜌0𝑐20 (𝜔 − 𝑢0𝑘𝑥)2
𝜕𝜉
𝜕𝑦

+ 𝑐20𝑘
2
𝑥𝑝 − (𝜔 − 𝑢0𝑘𝑥)2𝑝 = 0. (7b)

his eigenvalue problem for the axial wavenumbers and mode shape functions is also solved using a pseudo-spectral method, with
Chebyshev polynomials to represent 𝑝 and 𝜉. The two equations Eq. (7a) and (7b) are written at 𝑁 − 1 Chebyshev collocation

points. The linear system is closed by the two boundary conditions.
The sound field in the whole duct is calculated via the same mode-matching method as above [19].

2.2. Calculation of impedance from wavenumbers

A key step in the direct eduction of impedance is to calculate the liner impedance using a measured axial wavenumber. This
section describes two methods for this purpose: the classical method assuming that the mean flow is uniform, and a second method
3
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including the effect of a parallel sheared mean flow. These methods can be applied for either a single incident mode case or an
incident multimodal field. Two liner configurations are considered for both methods: the ‘single-liner configuration’ where only the
lower duct wall is lined, and the ‘double-liner configuration’ where both the lower and upper wall are lined by the same material.

2.2.1. Uniform flow
With uniform flow, the mode shape functions that satisfy Eq. (1) can be directly written as

𝛹𝑛(𝑦) = 𝐴𝑛 cos(𝑘𝑦𝑛𝑦) + 𝐵𝑛 sin(𝑘𝑦𝑛𝑦), (8)

where the transverse wavenumbers 𝑘𝑦𝑛 are given by the dispersion relation:

𝑘𝑦𝑛 =
√

(𝑘0 −𝑀𝑘𝑥𝑛)2 − 𝑘2𝑥𝑛, (9)

with 𝑀 = 𝑢0∕𝑐0 the mean flow Mach number.
We first consider the single liner configuration where only the lower duct wall is treated. Substituting the above expression for

𝛹𝑛 into the Ingard–Myers condition Eq. (3) at 𝑦 = 0 and into the rigid-wall condition Eq. (2) at 𝑦 = 𝐻 yields a closed-form expression
for the specific impedance 𝑍 in terms of the mode wavenumbers [7]:

𝑍 =
i(𝑘0 −𝑀𝑘𝑥𝑛)2

𝑘0𝑘𝑦𝑛 tan(𝑘𝑦𝑛𝐻)
, (10)

where 𝑘0 = 𝜔∕𝑐0 is the free-field wavenumber.
For the double liner configuration, the Ingard–Myers condition Eq. (2) is applied at both the upper and lower walls, with the

ssumption that they have the same impedance.
This yields the following quadratic equation:

𝑅2 − 2𝑅𝑘𝑦𝑛cot(𝑘𝑦𝑛𝐻) − 𝑘2𝑦𝑛 = 0 , with 𝑅 =
(𝑘0 −𝑀𝑘𝑥)2

i𝑘0𝑍
. (11)

The solutions for the impedance are

𝑍 =
(𝑘0 −𝑀𝑘𝑥𝑛)2 sin(𝑘𝑦𝑛𝐻)
i𝑘0𝑘𝑦𝑛[cos(𝑘𝑦𝑛𝐻) ± 1]

. (12)

his expression contains two types of solutions distinguished by ‘‘±’’ in the denominator, in which ‘‘−’’ corresponds to symmetric
modes and ‘‘+’’ to antisymmetric modes. The choice is completely controlled by the (anti)symmetry of the incident mode. When
the upper and lower walls are lined with the same material, the total sound field will retain the symmetry of the incident mode.
For instance, if the incident mode is antisymmetric, then one should use the sign ‘‘+’’ in the expression above.

Spillere et al. also provide an expression to calculate the impedance for both configurations, see Eq. (7) in [3]. However, their
xpression for the double-liner configuration is only applicable to symmetric acoustic fields. The present result in Eq. (12) is equally
pplicable to both types of incident modes.

.2.2. Shear flow
With shear flow, it is not possible to write a closed-form expression for the wall impedance like Eq. (10). Instead, the relation

etween 𝑍 and the axial wavenumber 𝑘𝑥 remains implicitly defined by the governing equations Eq. (7). To compute the impedance
𝑍 associated to a given 𝑘𝑥, one approach is to use a non-linear optimisation method to iteratively adjust 𝑍 until one of the duct
modes in the lined section has the expected wavenumber 𝑘𝑥. This approach requires solving the model presented in Section 2.1.2
many times, which can be costly [4]. Here, we reuse and extend the method from [14] to compute the wall impedance in a single
calculation. In contrast with Section 2.1.2, Eq. (7) are now solved only in the lined section, for a known 𝑘𝑥 and with modified
boundary conditions.

For the case of a single liner on the lower wall 𝑦 = 0, two boundary conditions are imposed on the hard wall (at 𝑦 = 𝐻), while
o condition is imposed on the lined wall. More specifically, the normal displacement is set to zero on the upper wall, 𝜉(𝑦 = 𝐻) = 0,
hich is consistent with a rigid surface, and pressure is also prescribed on that wall: 𝑝(𝑦 = 𝐻) = 1. These boundary conditions are

ufficient to obtain a well-posed differential equation. This model is solved numerically with the same pseudo-spectral method as
n Section 2.1.2. It is then straightforward to compute the impedance of the lined wall at 𝑦 = 0:

𝑍 =
−𝑝(0)

i𝜔𝜌0𝑐0𝜉(0)
. (13)

This expression shows that the value of 𝑍 is independent of the amplitude of the sound field. This justifies the fact that 𝑝(𝐻) can
e set to any non-zero value.

The procedure has to be modified for the case where the two walls are lined with the same impedance. Two separate solutions
re computed. The solutions 𝑝1(𝑦) and 𝜉1(𝑦) satisfy 𝑝1(𝐻) = 1 and 𝜉1(𝐻) = 0, while the solutions 𝑝2(𝑦) and 𝜉2(𝑦) satisfy 𝑝2(𝐻) = 0
nd 𝜉2(𝐻) = 1. We then construct a linear combination of these solutions:

𝑝(𝑦) = 𝑐1𝑝1(𝑦) + 𝑐2𝑝2(𝑦),

𝜉(𝑦) = 𝑐 𝜉 (𝑦) + 𝑐 𝜉 (𝑦),
4
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so that this new solution has the same impedance at the two walls. In other words, we seek the constants 𝑐1 and 𝑐2 such that

𝜌0𝑐0𝑍 =
𝑝(𝐻)
i𝜔𝜉(𝐻)

=
𝑝(0)

−i𝜔𝜉(0)
. (15)

his expression reduces to a quadratic equation for 𝑍:

𝜔2𝜌20𝑐
2
0𝜉1(0)𝑍

2 − 𝑖𝜔𝜌0𝑐0[𝜉2(0) + 𝑝1(0)]𝑍 − 𝑝2(0) = 0 . (16)

One of the two roots corresponds to a symmetric solution, while the other corresponds to an antisymmetric solution. Using the same
argument as in Section 2.2.1, it is easy to identify the correct value of 𝑍 based on the (anti)symmetry of the incident duct mode.

3. Parametric study on shear flow effects

This section considers two aspects: the influence of the mean flow shear on the acoustic propagation, in terms of the acoustic
mode wavenumbers, and the validity of the uniform flow assumption used when calculating the wall impedance from the knowledge
of an acoustic axial wavenumber.

The parametric studies are presented using non-dimensional parameters and results, based on the reference values 𝜌0, 𝑐0 and
𝐻 . For instance, the angular frequency 𝜔 is converted into the Helmholtz number 𝐻𝑒 = 𝜔𝐻∕𝑐0. This Helmholtz number will vary
between 0.1 and 16, which covers a wide range of experimental facilities. For instance, for a small duct facility (𝐻 = 4 cm in [20])
operating between 300 and 3000Hz, the Helmholtz number varies roughly between 0.22 and 2.2. In contrast, for a large duct facility
(𝐻 = 28 cm in [21]) operating in the same frequency range, 𝐻𝑒 varies between 1.6 and 15.5 approximately.

A constant value 𝑍 = 1 − i is used for the liner impedance. Other choices have been used by the authors, including frequency
dependent impedance functions, and the conclusions remain the same.

3.1. Effects on the acoustic propagation

We begin with the influence of the mean flow shear on the acoustic propagation, which is assessed as changes in the duct
mode wavenumbers. These wavenumbers are calculated here for uniform flows and for shear flows using the methods introduced
in Sections 2.1.1 and 2.1.2. The velocity profile of the shear flow uses an inverse power law:

𝑢0(𝑦)
𝑢0max

=

⎧

⎪

⎨

⎪

⎩

(𝑦∕𝛿)1∕𝑛, 0 ≤ 𝑦 ≤ 𝛿,
1, 𝛿 ≤ 𝑦 ≤ 1 − 𝛿,
[(1 − 𝑦)∕𝛿]1∕𝑛, 1 − 𝛿 ≤ 𝑦 ≤ 1,

(17)

here we have introduced the boundary layer thickness 𝛿, the power 𝑛 and the maximum velocity 𝑢0max. To study the effect of the
oundary layer on sound propagation, it is recommended to use the displacement boundary layer thickness 𝛿1 to characterise the
oundary layer [22]. For the profile defined above, we have 𝛿1 = 𝛿∕(𝑛 + 1). The present parametric study will therefore focus on

varying 𝛿1 instead of 𝛿. Instead of defining directly the order 𝑛 of the power law, we use the shape factor 𝜃, which is the ratio of
the displacement thickness to the momentum thickness of the boundary layer (for the profile Eq. (17) we have 𝜃 = 1 + 2∕𝑛). The
hape factor is fixed to 𝜃 = 1.55 which is typical of turbulent boundary layers. When comparing results between the uniform flow
nd the shear flow, we will use the same average Mach number 𝑀ave for the two cases.

The velocity profile given in Eq. (17) presents discontinuities of the velocity gradient at 𝑦 = 𝛿 and 1− 𝛿. This can be detrimental
to the accuracy of the spectral method used here. A simple way to mitigate this is to smooth the profile by introducing blending
functions that quickly but smoothly transition from one part of the profile to the next. Appendix gives the detailed definitions of
these blending functions. This smoothing has a negligible effect on the flow properties 𝛿1, 𝜃 and 𝑀ave.

3.1.1. Boundary layer thickness
The displacement thickness 𝛿1 is varied between 0.01 and 0.1, corresponding to 1% and 10% of the duct height, respectively. This

range of values is based on various velocity profile measurements on several facilities with different duct heights and Mach numbers.
The mean flow velocity is 𝑀ave = ±0.3, with the sign + (resp. −) corresponding to the acoustic mode propagating downstream with
the flow (resp. upstream against the flow). The velocity profiles are shown in Fig. 2.

Fig. 3 shows the axial wavenumbers 𝑘𝑥,u and 𝑘𝑥,s calculated respectively for the uniform flow and the shear flow with various
boundary layer thicknesses in the single liner case. Only the first mode 𝑘𝑥1 corresponding to the plane wave in the hard-wall duct is
included, but the same conclusions can be drawn for the other modes. The linear scaling of the axial wavenumber with the frequency
is clearly visible. The variation of the wavenumber with 𝛿1 are visible for the imaginary part but difficult to assess for the real part.

It is therefore preferable to plot the differences between wavenumbers 𝑘𝑥,s−𝑘𝑥,u to investigate the shear flow effects, as shown in
Fig. 4. Overall, the differences between uniform and sheared flows increase systematically with the boundary layer thickness 𝛿1. For
downstream propagation and with a single liner, see Fig. 4(a), there is little difference between the uniform and shear flow cases
when 𝐻𝑒 ≲ 5. For higher frequencies, one can observe that 𝑘𝑥,s diverge more significantly from 𝑘𝑥,u. For upstream propagation,
shown in Fig. 4(b), the differences on the real part of the wavenumber are larger, but the difference on the imaginary part are much
smaller and even tend to decrease at higher frequencies.

For the double liner configuration, the trend observed in Fig. 4(c) is similar to the single liner case, with an increased difference
5

at higher frequencies (𝐻𝑒 ≳ 6).
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Fig. 2. Examples of velocity profiles in Eq. (17) for different displacement thicknesses, with 𝑀ave = 0.3 and 𝜃 = 1.55.

Fig. 3. Axial wavenumbers 𝑘𝑥1 calculated with the uniform flow or with the shear flow with different displacement thicknesses (flow velocity: 𝑀ave = +0.3) for
he single liner configuration.

Fig. 4(d) shows that the differences for upstream propagation and a double liner are also similar to the single liner cases, but
ith increased differences at low frequencies.

The main trends to note in these results is that, as expected, the effect of the boundary layer is more significant for larger 𝛿1
nd for upstream sound propagation at high frequencies. For experimental facilities with small duct (𝐻𝑒 ≲ 5), the mean flow shear
an be largely ignored, except for upstream propagation with a double liner. For facilities with larger ducts (𝐻𝑒 ≳ 5), the sheared
ean flow should be taken into account.

.1.2. Mean flow velocity
To assess the influence of the flow velocity, we vary 𝑀ave between 0.1 to 0.7 in both directions. The boundary layer thickness

1 is set to 0.05, which is a typical value measured in experiments.
In Fig. 5, the differences in wavenumbers 𝑘𝑥,s−𝑘𝑥,u follow a similar trend with both the single and double liners. For downstream

ropagation (𝑀ave > 0), shown in Fig. 5(a) and 5(c), the differences remain small when 𝐻𝑒 ≲ 5, similar to the previous section.
owever, the differences become significant for larger frequencies, and the increase in the mean flow velocity only impacts slightly

he magnitude of the wavenumber differences. For upstream propagation (𝑀ave < 0), as shown in Fig. 5(b) and 5(d), the differences
re much larger, even for low frequencies. In this case, there is a clear trend whereby increasing the mean flow velocity increases
he differences in wavenumber.

To summarise, for downstream propagation, the mean flow shear has little influence on the acoustic propagation in small
ucts and a more visible influence in larger ducts. However, the effect of mean flow shear is much more important for upstream
ropagation (including in small duct) and even more so for the double liner configuration.

.2. Accuracy of the impedance calculation

We now discuss the validity of the uniform flow assumption traditionally used when calculating the liner impedance given a set
f wavenumbers. The parametric study still focuses on the influence of the boundary layer thickness and the flow velocity, which
ary in the same range as previously. The duct mode wavenumbers 𝑘 are first calculated in the lined section using the shear flow
6
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Fig. 4. Differences between axial wavenumbers 𝑘𝑥,s −𝑘𝑥,u obtained with a uniform or sheared flow as a function of the Helmholtz number 𝐻𝑒. (a,b): single liner
onfiguration. (c,d): double liner configuration.

odel from Section 2.1.2. These wavenumbers are then used as input for the two methods presented in Section 2.2 to calculate
he impedance, either for a single liner or a double liner. The analysis compares the imposed value of the liner impedance and the
alculated results 𝑍u or 𝑍s, where 𝑍u is the impedance obtained under the assumption of a uniform flow (Section 2.2.1), while 𝑍s

is computed by the shear flow method (Section 2.2.2).

3.2.1. Boundary layer thickness
Fig. 6 displays the difference between the calculated impedance and the imposed value, either for the uniform flow model or

the shear flow model. The Mach number is 𝑀ave = ±0.3, and the displacement thickness 𝛿1 varies between 0.01 and 0.1.
The dashed lines in Fig. 6 show that, in all cases, there is no error on the calculated impedance when using the shear flow model

rom Section 2.2.2. This is to be expected since the same propagation model with shear flow Eq. (7) is used to calculate the axial
avenumber in the first place, and then to recover the impedance.

More interesting in Fig. 6 is the quantitative assessment of the error introduced by assuming a uniform mean flow when
alculating the impedance. As expected, the error on the impedance is steadily growing as we increase the boundary layer thickness.
or Helmholtz numbers smaller than 3 or 4, the error on 𝑍 can be considered negligible. For downstream propagation and
requencies 𝐻𝑒 ≳ 5 the error is larger, but the calculated impedance remains within 0.4 from the imposed value. However, for
requencies 𝐻𝑒 ≳ 5, the discrepancies are much more important for upstream propagation (at least an order of magnitude larger).

This indicates that the uniform flow assumption is only valid for small ducts and low frequencies. For large ducts, it is important
to include the effect of the mean flow shear when waves are propagating upstream.

3.2.2. Mean flow velocity
To assess the effect of the mean flow velocity on the impedance calculation, Fig. 7 shows the error in the calculated impedance

as a function of the average Mach number 𝑀ave. Since the results are very similar in both liner configurations, only the single liner
results are presented for brevity.
7
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Fig. 5. Differences between axial wavenumbers 𝑘𝑥,s −𝑘𝑥,u obtained with a uniform and sheared flow as a function of the Helmholtz number 𝐻𝑒. The mean Mach
number 𝑀ave is varied between 0.1 and 0.7 for both directions. (a,b): single liner configuration. (c,d): double liner configuration.

Again, the results calculated using the shear flow method are in perfect agreement with the imposed value, as expected. For the
results calculated using the uniform flow assumption, the discrepancies with the imposed value tend to increase with the mean flow
Mach number. For downstream propagation at low frequencies, these discrepancies can still be considered negligible. But the error
increases steadily for higher frequencies to reach approximately 0.5. The situation is much worse for upstream propagation, where
the error on the impedance is significantly larger at all frequencies (with the exception of the smallest flow velocity 𝑀ave = −0.1
for which the error remains small at all frequencies).

The same conclusions as in the previous section can be drawn. For small ducts and low frequencies, the effect of the mean
flow shear can be safely neglected. For large ducts or high frequencies, the uniform flow assumption is inaccurate, especially for
upstream propagation. It is therefore recommended to use the shear flow method from Section 2.2.2 for accurate calculation of the
wall impedance based on the axial wavenumber.

4. Simulated impedance eduction

In the last part of this paper, we use numerical calculations to simulate the experimental process of direct impedance eduction.
This method uses a linear microphone array installed in the lined section of the duct, either facing the liner [13] or on the lateral
wall of the duct [8]. The pressure signals from the microphones are post-processed to estimate the axial wavenumbers that compose
the sound field, from which the effective impedance of the liner can be calculated with the methods proposed in Section 2.2.

4.1. Numerical experiments

4.1.1. Setup
To simulate a representative experimental setup, we use the parameters of the MAINE Flow facility introduced in [21] and

modelled here as a 2D duct. The considered configuration is comparable to the one depicted in Fig. 1 where the duct height is
8
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s

Fig. 6. Differences between the calculated impedance and the imposed impedance 𝑍u − 𝑍imposed (solid lines) and 𝑍s − 𝑍imposed (dashed lines). With 𝛿1 varying
from 0.01 to 0.1 and 𝑀ave = ±0.3. (The 𝑦-axis range is adjusted for the visibility of difference.).

Fig. 7. Differences between the calculated impedance and the imposed impedance 𝑍u −𝑍imposed (solid lines) and 𝑍s −𝑍imposed (dashed lines). With 𝑀ave varying
from 0.1 to 0.7 in both directions, 𝛿1 = 0.05.

0.28m, the width is 0.15m, and the lined section has a length of 0.8m. The linear microphone array consists of 40 microphones
eparated by a distance 𝛥𝑥 = 0.02m where the first and last microphones are placed 0.01m into the lined section. When only one
9
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Fig. 8. Measured and fitted mean velocity profile in the cross-section of the MAINE Flow facility. The fitted profile is obtained using Eq. (17).

all is lined, the microphone array is located at 2∕3 of the duct height, following the configuration proposed by NASA [8]. For the
ouble liner configuration, and in order to increase our chances for a robust eduction by improving the signal to noise ratio, the
ertical position of the microphone line is changed depending on the incident acoustic mode. For antisymmetric modes, the array
s still located at 2∕3 of the duct height in order to avoid pressure zeros. However, for the case of a symmetric incident mode, the
icrophone array is placed at the half of the duct height, where the pressure is maximum.

In the following, the liner is a Single Degree of Freedom (SDOF) liner with a specific impedance given by 𝑍(𝜔) = 1− icot(𝑘0ℎcav).
he first term models a perforated facing sheet with a constant resistance while the second term represents the acoustic reactance
f a cavity of depth ℎcav = 0.03m. Given this boundary condition, the acoustic field is computed between 300 and 3000Hz using the
umerical method with shear flow described in Section 2.1.2. The mean flow velocity profile is obtained by fitting the inverse-power
aw profile in Eq. (17) to data measured using a Pitot tube at the mid-width in the cross–section of MAINE Flow [21]. Fig. 8 shows
he corresponding data points and the fitted velocity profile.

.1.2. Wavenumber estimation
In the direct eduction method, the pressure field measured along the microphone array is represented as a sum of exponentials

ontaining modal amplitudes and axial wavenumbers. The latter are determined using a HTLS technique (Harmonic retrieval via
otal Least Squares) [23].

This method exploits the shift-invariance property of the Hankel matrix of the signals, together with its singular value
ecomposition (SVD). Each of the 𝐿 rows of the Hankel matrix 𝐇 contains 𝑅 pressure values from the microphone array:

𝐇 =

⎛

⎜

⎜

⎜

⎜

⎝

𝑝(1) 𝑝(2) ⋯ 𝑝(𝑅)
𝑝(2) 𝑝(3) ⋯ 𝑝(𝑅 + 1)
⋮ ⋮ ⋱ ⋮

𝑝(𝐿) 𝑝(𝐿 + 1) ⋯ 𝑝(𝑁)

⎞

⎟

⎟

⎟

⎟

⎠

, (18)

here 𝑁 is the total number of microphones. The integers 𝐿 and 𝑅 are chosen so that 𝑁 = 𝐿 +𝑅 − 1. To obtain reliable results, it
s recommended in Ref. [24] that 𝐿 should be between 40% and 60% of 𝑁 . Thus, in our case with 40 microphones, 𝐿 is set to 22.

An SVD of the Hankel matrix 𝐇 yields the matrix 𝐔 of left singular vectors. The shift-invariance property of 𝐔 can be written
↑ ≈ 𝐔↓𝐐 with 𝐐 = diag{𝑞1, 𝑞2,… , 𝑞𝐾}. The matrices 𝐔↑ and 𝐔↓ represent the matrix 𝐔 with its top or bottom row removed. The
ext step is to perform an SVD of the block matrix [𝐔↓ 𝐔↑] to obtain its matrix 𝐖 of right singular vectors. The matrix 𝐐 can then
e estimated by calculating

𝐐̃ = −𝐖12𝐖−1
22 , with 𝐖 =

[

𝐖11 𝐖12
𝐖21 𝐖22

]

, (19)

here the rows and columns of 𝐖 have been split in half to define the four blocks of 𝐖. The coefficients 𝑞𝑘 are estimated as the
igenvalues of 𝐐̃. Each coefficient 𝑞𝑘 is then directly related to an axial wavenumber through the relation 𝑞𝑘 = exp{−i𝑘𝑥,𝑘𝛥𝑥}.

Not all the wavenumbers identified by the HTLS technique correspond to physical acoustic modes in the duct lined section. It
s therefore necessary to filter out the spurious results and select a physical wavenumber that will be adequate for the impedance
duction. Firstly, we expect the physical wavenumbers 𝑘𝑥 to be located in specific regions of the complex plane. For acoustic modes
ropagating in the positive axial direction in a hard-walled duct with uniform flow, their axial wavenumbers are located in a
uadrant of the complex plane defined by

Im(𝑘𝑥) ≤ 0 , Re(𝑘𝑥) ≥ 𝑘0
𝑀ave
2

.

10

𝑀ave − 1
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Fig. 9. Illustration of the computed and retrieved wavenumbers in orange plus signs and blue circles, respectively, and the pink region to select the wavenumbers
used in the subsequent impedance eduction. The green dashed line stands for Eq. (20); the purple dashed line for Eq. (21). The case is: the double liner
configuration, incident plane mode, 𝑀𝑎𝑣𝑒 = 0.5 and 𝑓 = 2500 Hz. (For interpretation of the references to colour in this figure legend, the reader is referred to
he web version of this article.)

or a lined duct with a parallel sheared flow, this criterion only gives a qualitative indication as to the nature of a wavenumber.
o identify right-running modes, the following heuristic rule is used

Im(𝑘𝑥) ≤ Re(𝑘𝑥) − 𝑘0
𝑀ave

𝑀2
ave − 1

. (20)

This corresponds to the region of the complex plane below the diagonal intersecting with the real axis at 𝑘𝑥 = 𝑘0𝑀ave∕(𝑀2
ave − 1).

With a uniform flow with Mach number 𝑀ave, this is the wavenumber of modes that are just cut-on. Moreover, only modes on or
below the real axis are used, so as to exclude unphysical modes with positive attenuation rates.

Secondly, when 𝑀ave > 0 the above condition does not separate acoustic modes from hydrodynamic modes, and a second criterion
is needed. For acoustic modes, the largest expected value for Re(𝑘𝑥) is close to 𝑘0∕(1+𝑀ave). For hydrodynamic modes when 𝑀ave > 0,
the smallest value of Re(𝑘𝑥) is expected to be close to 𝑘0∕𝑀max with 𝑀max being the largest Mach number of the velocity profile.
We therefore use the average of these two values as a threshold to discriminate between acoustic and hydrodynamic modes. More
specifically, a wavenumber is retained as an acoustic mode if

Re(𝑘𝑥) <
𝑘0
2

(

1
𝑀ave + 1

+ 1
𝑀max

)

. (21)

The conditions Eqs. (20) and (21) are only qualitative, but their robustness has been proven in practice. For example, Fig. 9 shows
the region defined to select the retrieved wavenumbers in the double-liner configuration with an incident plane wave at 𝑓 = 2500Hz
and with 𝑀ave = 0.5. The wavenumbers computed numerically are also shown to compare with those retrieved by the HTLS method.

After enforcing these conditions, several of the wavenumbers calculated by the HTLS technique remain, and one of them should
e selected for the impedance eduction. In the literature [5,7,17] it is common to use the least attenuated mode for the impedance
duction, i.e. the wavenumber closest to the real axis. This choice is well suited for small ducts and at low frequencies (that is, for
mall Helmholtz numbers) where only the plane wave is propagating, and the sound field is composed of a single mode in each
irection. For large ducts or at high frequencies, it is possible to have several modes that are only weakly attenuated and the sound
ield in the lined section is clearly composed of several modes. In such cases, and according to our simulations, the least attenuated
avenumber does not always yield the most accurate result for the impedance eduction.

For this reason, we propose an improved criterion to select the wavenumber, based on the number of cut-on modes in the
ard-wall section of the duct. The wavenumbers identified in the lined section are selected using the constraints described above
nd ordered by their rate of attenuation (i.e. based on the value of |Im(𝑘𝑥)|). For a given frequency, if 𝑛 modes are cut-on in the

hard-wall duct, the 𝑛th wavenumber calculated by the HTLS technique will be used to calculate the liner impedance. For instance,
ith the single-liner configuration, if two modes are cut-on in the hard-wall section, then the second wavenumber will be used
11

o calculate the impedance. Note that for the double-liner configuration, only the cut-on modes with the same symmetry as the
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Fig. 10. Educed impedance without noise using the uniform (right) and shear (left) flow assumption, for different flow velocities in the same direction as
the incident plane wave. The insets show the impedance calculated using the second educed wavenumber. Top: single-liner configuration. Bottom: double-liner
configuration. Black solid line: imposed impedance.

incident wave should be counted. For instance, with the double-liner configuration, if the incident mode is symmetric and there are
two symmetric cut-on modes in the hard-wall duct, then the second measured wavenumber will be used. This is because the total
sound field retains the symmetry of the incident mode in the double-liner configuration. This property is also visible in the example
in Fig. 9 where only symmetric modes are identified by the HTLS technique.

4.1.3. Background noise
The presence of noise in the experiments, produced mainly by the turbulent boundary layer above the microphones, can

significantly impact the impedance eduction results. In this study, the background noise is simulated by adding random signals
to the simulated pressure signals calculated at the microphone positions. The noise signals are assumed to be uncorrelated between
microphones and are generated with an amplitude following a normal distribution with mean value 0 and standard deviation 𝜎.
The random phase follows a uniform distribution in the range [0, 2𝜋]. The Signal-to-Noise Ratio (SNR) is defined as 10 log10[𝑃 2

i ∕𝜎
2],

where 𝑃i is the pressure amplitude of the incident mode. In the results presented below, we set 𝑃i = 1 and the SNR is readily adjusted
by setting 𝜎.

4.2. Results without noise

To validate the proposed eduction configuration, the eduction process is first simulated without noise perturbation. The Mach
number is varied from 0.1 to 0.7 by scaling the fitted flow profile already shown in Fig. 8. The supplementary criterion described
in Section 4.1.2 is applied.
12
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Fig. 11. Educed impedance without noise using the uniform (right) and shear (left) flow assumption, for different flow velocities in the opposite direction as
he incident plane wave. Top: single-liner configuration. Bottom: double-liner configuration. Black solid line: imposed impedance.

Fig. 10 compares the educed impedance obtained by assuming a uniform or a sheared mean flow in the impedance calculation,
hile the pressure was calculated by taking into account shear. The results obtained with the plane wave as the incident mode in the
ownstream direction and for the single and double liner configurations are shown. The results in Fig. 10(a) and (c), obtained with
he shear flow assumption, show an excellent agreement with the imposed impedance for the two liner configurations (except at high
requencies for the single liner configuration). Increasing the flow velocity makes little difference to the agreement of the eduction
esults, except at low frequencies for 𝑀ave = 0.7. In that specific case, results can be improved by selecting the second educed
avenumber, as shown in the inset graphs of Fig. 10. When using the uniform flow assumption, the double liner configuration

ends to improve the accuracy of the educed impedance, as seen by comparing Fig. 10(b) with (d). However, the impedance educed
ith the uniform flow assumption shows notable discrepancies from the imposed value that increase with the flow velocity. This is
ecause the formula in Eq. (12) based on the uniform flow assumption is not able to represent accurately the relationship between
xial wavenumbers and wall impedance in large ducts.

Fig. 11 presents the eduction results with the plane mode incident in the upstream direction. The results in Fig. 11(a) and (c),
btained with the shear flow model, show an excellent agreement with the imposed impedance for both liner configurations (except
t high frequencies for the single liner configuration). Using the uniform flow assumption with Ingard–Myers boundary condition
s done in Fig. 11(b) and (d) leads to very poor agreement when the flow velocity is greater than 𝑀ave = −0.1.

The eduction results above demonstrate that using the shear flow model combined with the double liner configuration yields
significant benefits compared to the standard approach (that is, the model based on the uniform flow assumption and the single
liner configuration). Similar comparisons have also been performed with single incident higher-order modes (not shown here), and
the conclusions remain the same as above.
13
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Fig. 12. Educed impedance with noise (SNR = 30 dB) using the shear flow assumption in the single liner configuration. The flow velocity is 𝑀ave = 0.3 and the
ncident plane wave is propagating downstream. Solid line: mean value. Dashed lines: standard deviation.

.3. Results with noise

We now simulate the eduction process in the presence of noise using a SNR of 30 dB, which is close to what can be observed in
the MAINE Flow facility at maximum flow speed. To compute the mean value and the standard deviation of the educed impedance,
1000 realisations of the random noise are calculated, and the eduction process is applied to each one. Note that, in practice, the SNR
will vary with frequency, depending on the source strength, the background noise in the test rig and the liner efficiency (e.g. the
SNR will decrease when the liner absorption is strong).

As shown in Fig. 12, the eduction results in the single liner configuration exhibit large discrepancies between the imposed and
educed impedances at several frequencies below 1800Hz. This can be explained by the small attenuation of the sound field achieved
by a single liner at these frequencies. The small decay of the acoustic pressure over the liner is more easily swamped by the noise
added to the microphone data. Fig. 12 shows results obtained with the shear flow assumption. The results obtained with the uniform
flow assumption are even worse. For these reasons, only the double liner configuration with the shear flow assumption is presented
in the remainder of the study.

Results are shown in Fig. 13 for the educed impedance in the double liner configuration. The first two modes are studied
individually, namely mode 0 (plane wave, top panels) and mode 1 (first transverse mode, bottom panels). These are considered
representative of the symmetric and antisymmetric modes, respectively. The results for the mode 1 are shown above the cut-on
frequency, which varies with the Mach number.

For downstream propagation, in Fig. 13(a), the results with the mode 0 shows a good agreement with the prescribed impedance,
and the standard derivation remains acceptable (except close to 800 Hz). In addition, the results obtained for 𝑀ave = 0.1 show
limited standard derivation, but it becomes larger at higher frequencies. A similar trend is observed for larger Mach numbers 𝑀ave.

Comparing Fig. 13(a) and (c) shows that the mean impedance value educed for incident mode 1 is closer to the exact value than
for incident mode 0. For 𝑀ave = 0.5 and 𝑀ave = 0.7, the standard derivation becomes large in the vicinity of the cut-on frequencies
used by our criteria, indicating that the noise perturbations are significant. For all the results obtained when waves propagate in
the downstream direction, there exists a disparity at high frequencies which might be explained by the appearance of higher-order
modes.

In Fig. 13(b) and (d), incident modes propagating in the upstream direction are considered. It is shown that the mean impedance
values remain close to the imposed impedance in most of the cases. Note that there is a tradeoff between the number of considered
modes and the avoidance of noise perturbations when estimating the wavenumbers. If more wavenumbers are needed, more noise
will be involved in the calculation. Therefore, the standard variation becomes notable, and the mean value deviates more from the
imposed value near the frequency used to split the frequency range. However, high-speed flows in the opposite direction of the
incident acoustic wave pose challenging conditions which require more work to be tackled. In particular, for 𝑀𝑎𝑣𝑒 = −0.7 the mean
impedance value is only close to the imposed one at low frequencies before deviating dramatically.

Except when 𝑀ave = −0.7, comparing the results obtained for the two modes shows that the antisymmetric incident mode provides
a better performance in the impedance eduction. This inspires an experimental perspective that would use attenuated high-order
modes or antisymmetric modes as incident waves to improve the robustness of the method.

To conclude, and according to the results above, using the shear flow method with the double liner configuration improves the
accuracy and the reliability of the eduction process. This is critical for understanding the behaviour of acoustic liner submitted to
high speed flows and multimodal acoustic conditions where the uniform flow assumption is not applicable any more.
14
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Fig. 13. Educed impedance with noise (SNR = 30 dB) using the model with sheared flow. Black line: imposed impedance. Coloured solid line: mean value of
impedance. Coloured dashed line: standard deviation of the educed impedance around its mean value. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)
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5. Summary and conclusions

This work assesses the effects of mean flow shear on sound propagation in a 2D duct and on the direct eduction of impedance. The
arametric study considers the influence of the Helmholtz number, the displacement boundary layer thickness, the Mach number,
he direction of propagation, the liner configuration and the presence of noise. A number of significant results can be noted:

• The influence of the mean flow shear is more important for large Helmholtz numbers. While the uniform mean flow
approximation is clearly valid for small ducts at low frequencies, results presented here demonstrate that it is crucial to include
the effect of the mean flow shear when considering large ducts and/or high frequencies.

• The shear flow effects are more important for sound propagating upstream, compared to downstream propagation. As expected,
the validity of the uniform flow approximation decreases for high flow velocities and thick boundary layers.

• A double liner configuration is proposed, and it is shown to be more robust and less sensitive to the influence of the mean
flow shear and to measurement noise, compared to the traditional single-liner configuration. While using two liner samples
instead of one increases the cost and complexity of the impedance eduction, the significant benefits in terms of accuracy are
likely to justify the additional cost.

• The method proposed in [14] to calculate directly the wall impedance based on the axial wavenumber is generalised to include
sound propagation in a parallel shear flow and to consider the double liner configuration.

• For large Helmholtz numbers, there is more than one propagating mode in the hard-wall section of the duct. The use of the
plane wave as incident sound field is not always the best option. If one can control the modal content of the incident sound
field, it is beneficial to use the higher-order modes. This is likely because these higher-order modes are more attenuated by
the liner.

• The criteria to select the axial wavenumber used in the impedance eduction are extended to consider large Helmholtz numbers,
where the sound field can include several duct modes of comparable amplitudes.

Future work will include the design and experimental validation of an impedance eduction technique for the large-duct facility
AINE Flow, following the recommendations identified in this work. It would also be interesting to perform a similar parametric

tudy on the flow effects in a 3D lined duct. While the trends identified here will still be relevant, the presence of additional modes
nd mean flow shear along the depth of the cross section in 3D could bring interesting effects.
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ppendix. Smooth velocity profile

The velocity profile is composed of three parts, each using one of the following functions:

𝑓1(𝑦) = 𝑢0max(𝑦∕𝛿)1∕𝑛, (A.1a)
𝑓2(𝑦) = 𝑢0max, (A.1b)
𝑓3(𝑦) = 𝑢0max[(𝐻 − 𝑦)∕𝛿]1∕𝑛, (A.1c)

here 𝑓1 and 𝑓3 represent the boundary layers and 𝑓2 represents the central region. To construct a smoothly varying profile 𝑢0(𝑦)
he three functions defined above are combined with blending functions 𝑏𝑖(𝑦):

𝑢0(𝑦) =
3
∑

𝑓𝑖(𝑦)𝑏̃𝑖(𝑦) . (A.2)
16
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T

Fig. A.1. Blending functions 𝑏̃𝑖(𝑦) for 𝛿∕𝐻 = 0.2 and 𝑑∕𝐻 = 0.01.

he blending functions are defined as follows

𝑏̃𝑖(𝑦) =
{

𝑏𝑖(𝑦) − min
0≤𝑦≤𝐻

[𝑏𝑖(𝑦)]
}

∕
{

max
0≤𝑦≤𝐻

[𝑏𝑖(𝑦)] − min
0≤𝑦≤𝐻

[𝑏𝑖(𝑦)]
}

, (A.3)

with

𝑏1(𝑦) = 𝑔(𝛿 − 𝑦) , 𝑏2(𝑦) = 𝑔(𝑦 − 𝛿)𝑔(𝐻 − 𝑦 − 𝛿) , 𝑏3(𝑦) = 𝑔(𝑦 + 𝛿 −𝐻) , (A.4)

and

𝑔(𝑦) = 1
2

[

1 + tanh
( 𝑦
𝑑

)]

. (A.5)

The parameter 𝑑 controls how quickly the functions 𝑏𝑖 transition from 0 to 1. The scaling introduced in Eq. (A.3) ensures that the
blending functions 𝑏̃𝑖(𝑦) vary exactly between 0 and 1. With the definition (A.2), the velocity profile 𝑢0(𝑦) and all its derivatives are
continuous. An example of blending functions is shown in Fig. A.1 where each blending function can be seen to vary smoothly, and
quickly, between 0 and 1 at 𝑦 = 𝛿 and 𝑦 = 𝐻 − 𝛿.
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