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ABSTRACT:
The measurement of the pressure field radiated by a sound source has many applications in the fields of noise control

and loudspeaker system design. In this paper, the radiation mode method is used to measure the field radiated by a

complex acoustic source whose surface impedance is arbitrary and does not correspond to the Neumann boundary

condition used for the calculation of radiation modes. The most effective radiation modes are used as test functions

to calculate a pressure expansion around the source under test, an expansion that matches the measured pressure at a

limited number of points close to the source. This expansion is then used to calculate the radiated pressure at a

greater distance at unmeasured locations. In a first step, numerical simulations are performed to evaluate the

method’s most influential parameters. Then, measurements are performed in a semi-anechoic room on two real sour-

ces of increasing complexity. Obtained results show that the radiation mode method allows an accurate evaluation of

the pressure field radiated by the test object over a fairly wide frequency band (between 100 Hz and 2 kHz) even for

complex sources. VC 2024 Acoustical Society of America. https://doi.org/10.1121/10.0025022
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I. INTRODUCTION

Many of the standards for determining the sound power

level of noise sources require measurements in controlled envi-

ronments, such as reverberating rooms1 and semi-anechoic or

anechoic rooms.2,3 Similarly, standards for the measurement of

loudspeaker drivers or systems require such expensive facili-

ties,4 with the added need of a very wide frequency range.

Several alternatives have been proposed to avoid the

burden and cost of using such large measurement facilities.

For the determination of the sound power level of noise

sources, measurements may involve acoustic intensity mea-

surements instead of acoustic pressure measurements, as

this allows canceling of most of the influence of the sur-

rounding room.5 For the measurement of loudspeaker fre-

quency responses, alternative methods have also been

proposed:6 One of the most used combines near-field mea-

surements and gated measurements.7

Indeed, in many practical cases (e.g., at early design

stages or for troubleshooting unexpected noise radiation), it

is more convenient and somewhat sufficient to use measure-

ments performed in the vicinity of the tested source. This

approach is also proposed in standards.8

In the scientific literature, numerous techniques using

measurements performed close to the source body have

been developed, one of the most studied being the near-field

acoustic holography (NAH) method. Many NAH methods

have been considered to identify vibro-acoustic interactions,

involving inverse propagation from a measurement surface

back to the source body. Early methods used “Fourier

NAH,” i.e., expansion over the function basis associated

with the separable coordinate system:9–14 such methods are

thus limited to compatible body geometries. Backward prop-

agation between the measurement surface and a source body

of arbitrary shape has been studied with numerical techni-

ques, such as the inverse boundary element method

(iBEM).15–19 In such approaches, numerous measurements

are required as the boundary element method (BEM) mesh

must involve element sizes related to the highest frequency

of interest.

Both the Fourier NAH method and iBEM require inver-

sion of an ill-conditioned propagation matrix, because the

evanescent components of the radiated field tend to vanish

between the source body and the measurement surface.

Regularization techniques are thus required, especially

when backward-propagating noisy measurements. An alter-

native is to reduce the rank of the problem, e.g., by using

coarser models, such as the inverse patch transfer function

method (iPTF),20 equivalent source method (ESM),21 or the

Helmholtz least squares (HELS) method.22–25

Moreover, measurements performed in non-anechoic

rooms are influenced by the field reflected from nearbya)Email: manuel.melon@univ-lemans.fr
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objects and walls, which is, in turn, diffracted by the source

body. Several techniques have been developed to cope with

such situations: e.g., using two layers of measurements as in

the field separation method (FSM) and other derived

methods.26–31

A common property of the above techniques is that they

aim at reconstructing the vibration field over the source

body, thus requiring a backward propagation processing. As

previously stated, this leads to a problematic matrix inver-

sion requiring tricky regularization, with a great sensitivity

to measurement noise and parasitic field components.

Fortunately, many applications do not require a precise

knowledge of the velocity field over the source body. Thus,

the calculation of the radiated power or directivity patterns

of the source under study can be obtained by forward propa-

gating the measurement data. This is generally an easier

problem because it deals with sound pressure radiated in the

far field, which is much simpler to assess. This problem was

solved by using ESM to reconstruct the radiated far field

(e.g., for submarines) and draw directivity maps.32,33

The approach proposed in this paper also focuses on the

forward propagation of measurements close to the source

body. It is based on a proper orthogonal decomposition of

the radiated field, thus reducing the number of independent

components needed to describe it. This leads to a well-

conditioned problem and allows using a limited number of

pressure measurements. This paper takes up a method for

characterizing sound sources proposed by the same authors,

which was simulated from measurements on a power trans-

former with complex vibration patterns34 and used for the

measurements of loudspeaker systems in an anechoic

room35 and in situ.36 This method was then assessed for var-

ious loudspeakers, including a tall line array system with a

complex shape37 for which simulations allowed study of the

influence of identification distance, noise measurement, and

number of expansion terms. All the previous studies, how-

ever, dealt with objects having rigid boundaries. The present

paper thus focuses on sources featuring wall boundary con-

ditions (BCs) differing from those used for the calculation

of the radiation modes (RMs). The effect of reducing the

size of the mesh used for the RM calculation is also investi-

gated. The work presented here therefore aims to go beyond

overly academic problems to address sources that are more

typical of those encountered in industry.

The principle of the RM method is presented in Sec. II.

Simulations are then provided in Sec. III, in the case of a

complex object involving various BCs. These simulations

also allow assessment of the influence of the main parame-

ters of the method. Section IV then presents measurements

performed on a mock-up of a similarly complex (but differ-

ent) object, showing the robustness of the method. These

results are then summarized and discussed in Sec. V.

II. PRESSURE RECONSTRUCTION USING THE RM
METHOD

The basic idea behind the RM method is to expand the

field radiated by a source with an arbitrary body shape over

a series of terms corresponding to independent radiation

problems. This series is determined from the radiation

impedance corresponding to the specific body shape consid-

ered, hence leading to a proper orthogonal decomposition of

the radiated field.

This technique is inspired by the works of Veronesi and

Maynard,16 who computed the radiated acoustic field with

an inverse acoustic imaging technique (iBEM-NAH) regu-

larized by a singular value decomposition (SVD), and of

Borgiotti,38 for which the radiated field of a vibrating body

was expanded using the SVD decomposition of the propa-

gating operator between the surface velocity of the body and

some points in the exterior domain (acoustic transfer imped-

ance). Later, Sarkissian39 proposed to define the radiation

operator on the surface of the vibrating body (acoustic sur-

face impedance) and to use only its real part, associated

with the far-field radiation.

The basic concept behind the RM method is thus the

same as the iBEM technique. It has been mainly used for

reconstructing the source surface velocities from near-field

pressure measurements, a virtual backward propagation that

amplifies evanescent components in the near field and thus

requires a regularization technique to avoid noise amplifica-

tion. Regularization is often based on SVD expansion with a

suitable selection of terms, such as series truncation,17

wave-vector filtering,40 or the use of sparse methods.18

Conversely, the forward propagation involved in estimating

the far-field from the near-field benefits from the natural

decrease in evanescent modes, and thus does not require a

regularization technique—although it is beneficial to keep a

minimum number of terms to reduce the number of mea-

surements performed in the vicinity of the tested source.

This application has also been described previously for mea-

suring power transformers34 and later for assessing the

directivity of an audio “line array”;37 it is recalled here with

further details.

A. Integral formulation

The radiation impedance provides a relation between

the velocity and the pressure over the object surface. To

compute it, we consider an arbitrary velocity distribution

over the body and calculate the resulting pressure.

The pressure pðrÞ, radiated by a vibrating source of sur-

face S at a point r in the volume V exterior to the vibrating

body, is governed in the frequency domain by the

Helmholtz equation,41

r2pðrÞ þ k2pðrÞ ¼ 0; (1)

where r2 is the Laplace operator and k ¼ x=c is the wave

number for angular frequency x and sound celerity c.

We assume that the radiation impedance characterizes

the exterior problem and does not need to take into account

the vibratory behavior of the source. The surface S of the

radiating body is thus supposed to be perfectly rigid, so that

it can be described by an inhomogeneous Neumann BC,

considering an eþjxt time convention,41
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@pðrsÞ
@n

¼ �jxqVnðrsÞ; (2)

with q the air density, Vn the boundary normal velocity, rs a

point on the surface S of the radiating object, and n the nor-

mal oriented towards the exterior side of surface S.

Using the Green’s function given in Eq. (3),

Gðr; rsÞ ¼
1

4p
e�jkjr�rsj

jr� rsj
; (3)

the differential in Eq. (1) governing the solution in the

whole domain and the BC in Eq. (2) can be combined into

the integral, Eq. (4), over the boundary surface S,42

aðrÞpðrÞ ¼
ð

S

ð@G

@n
ðr; rsÞpðrsÞ þ jxqGðr; rsÞVnðrsÞÞdS; (4)

where aðrÞ ¼ 1þ ð1=4pÞ
Ð

Sð@=@nÞð1=jr� rsjÞdS is a geo-

metric coefficient assigned to the solid angle seen from the

point r. It is equal to 1 for r 2 V and to 1/2 for r 2 S.43 This

last equation, when applied to points on the surface S, leads

to an integral equation relating pðrsÞ and VnðrsÞ.

B. RM calculation

For locations rs belonging to S, the integral in Eq. (4)

does not have a closed-form solution but can be solved

numerically by discretizing the boundary S with a mesh of

elements Si, the size of which is small compared to the

wavelengths of interest. Assuming constant pressure and

volume velocity over each element, Eq. (4) may be trans-

formed into the matrix form given by Eq. (5),

1

2
ps ¼ Mqs � Dps; (5)

where ps and qs are vectors of mean surface pressure and

volume velocity over each element, respectively, and matri-

ces M and D are filled from the two terms of the integral in

Eq. (4):

Mij ¼ jxq=Si

ð
Si

Gðrj; riÞdSðriÞ; (6)

Dij ¼ �
ð

Si

@G

@n
ðrj; riÞdSðriÞ: (7)

Equation (5) then allows computation of the relation

between ps and qs as an impedance matrix, Z, defined as

ps ¼ Z qs, so

Z ¼ 1

2
Iþ D

� ��1

M: (8)

Note that Eq. (8) does not depend on ps or qs: it is the

same, whatever source vibration pattern is considered. It can

thus be used with any (unknown) qs distribution to be

identified.

As boundaries are considered to be perfectly rigid, the

interior and exterior problems are independent, which sim-

plifies the calculation of the far-field pressure. It has been

stated that the real part of the impedance matrix represents

the active part of the acoustic field (radiation in the far-field)

and the imaginary part—the reactive part (evanescent field,

close to the source body).44,45

The SVD of the Z matrix leads to independent solutions

of the radiation problem,46 which are called RMs in the

remaining part of this paper.34,37 As we are interested in the

far-field radiation, only the real part of the impedance matrix

is expanded,39

<ðZÞ ¼ URV�; (9)

where U and V contain sets of vectors corresponding to

pressure and volume velocity of each element, respectively,

R is a square diagonal matrix with positive real values repre-

senting the relative efficiency of each term, and the super-

script symbol * denotes the conjugate transpose.

Expressed in this way, RMs (columns of V matrix) con-

stitute a set of orthogonal functions over the surface S. They

therefore allow expansion of the volume velocity over the

source body, as proposed by Bi et al.18 Here, we however

focus on the far-field estimation, so the series is truncated in

order to keep only the most efficient radiating RMs. The far-

field pressure is approximated by the linear combination of

a limited number, N, of RMs with appropriate weighting

coefficients w.

The pressure radiated by each RM may then be propa-

gated independently at any location in the exterior domain

using a discretized version of Eq. (4), which has a closed-

form solution for locations at sufficient distance from S.

Considering such a set of locations, the corresponding pres-

sures p may be expressed as

p ¼ Hw; (10)

where H is a matrix for which columns are the pressures

radiated by the RMs at the considered locations. This propa-

gation matrix depends on the source geometry and on the

considered locations, but not on the vibration pattern over

the source surface. It may be computed using a standard

BEM code, when RMs have been determined.

C. RM weighting

The weighting coefficients w may be identified from

actual pressure measurements pi performed in the vicinity

of the tested source, at the so-called identification positions

Pi. Indeed, the radiated field expansion approximates the

field at any location, so the coefficients estimated at the Pi

should be valid at other locations.

Using the pseudo-inverse of the transfer matrix Hi

between RM volume velocities V and resulting pressure at

Pi, computed with Eq. (4), the vector w can be expressed as

follows:
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w ¼ ðH�i HiÞ�1
H�i pi: (11)

Although the RMs correspond to independent radiation

problems, unsuitable choice of the identification point loca-

tions might lead to redundant ones. In this case, Eq. (11)

would represent an ill-posed problem, requiring regulariza-

tion. The number of the identification pressure measure-

ments pi is therefore chosen slightly larger than the number

of RMs: We use 25% more identification points than the

number of RMs. This also improves the robustness to mea-

surement noise.

The number of RMs is defined from the RM efficiency

matrix R, as reported in Ref. 37. The set of RMs is truncated

to the N most efficient ones, with no other selection criterion

than their radiation efficiency.

The choice of Pi locations results from a trade-off

between being close enough to ensure a good signal-to-noise

ratio (SNR) and being far enough so that the evanescent

pressure field does not dominate.37

D. Pressure estimation

Assuming the RM weighting coefficients are valid over

all the far-field part of V, the pressure pe may now be esti-

mated at all interesting locations Pe in the far-field,

pe ¼ Hew; (12)

where He is the matrix of transfer functions between the

RMs and the estimation points Pe; it is computed numeri-

cally similarly to Hi.

III. SIMULATIONS

The objective of the present paper is to validate the RM

method for realistic problems and especially for objects with

various BCs. As complex geometries have already been

studied,34,37 we chose a simple one compatible with both

simulations and measurements.

Figure 1 shows this geometry: the gray rectangular par-

allelepiped with extreme corners at ½x1 ¼ 0; y1 ¼ 0; z1 ¼ 0�
m and ½x2 ¼ 0:50; y2 ¼ 0:40; z2 ¼ 0:665� m represents the

acoustic source of interest, radiating above a rigid ground

located at zg ¼ �0:8 m. The grid of 380 identification points

(Pi) is shown in light gray, and the distance between the

closest points of the grid is 0.12 or 0.13 m, depending on

the direction. All planes of Pi are parallels to one side of the

source and are placed 20 cm away from it. Three planes,

XY, XZ, and YZ, with, respectively, 48, 42, and 48 estima-

tion points (Pe) are shown by thick black points. They are

located 0.80 m above the source (XY) or 0.50 m (XZ) and

0.90 m (YZ) away from two sides of the source. The dis-

tance between two nearest points of each plane is about

0.20 m. The lowest Pe are located at 0.07 m from the ground.

Dimensions of the three Pe planes are given in Table I. An

additional set of Pe, represented by thin black points, is a

hemisphere with a radius of 3 m and composed of 694

points, which will be used in Sec. III D.

Each of the 6 sides of the simulated source contains circu-

lar zones to which a vibration pattern and/or admittance BC

can be applied. The frequency dependence of the velocity

functions is defined as 2nd order bandpass filters centered on a

specific frequency, f0. The filter complex amplitude is given

by Vðf Þ ¼ ðjV0=Q f=f0Þ=ð1� f 2=f 2
0 þ jf=f0QÞ, where f is the

frequency and Q¼ 8 is the filter quality factor. This permits

highlighting a clearly visible peak at the central frequency f0.

The exploded view of the tested source is given in Fig. 2,

while the characteristics of the different zones are summarized

in Table II.

The vibrating parts have a uniform velocity with a max-

imum amplitude of V0 ¼ 1 m/s at f0 for sets 1, 6, and 7 (cf.

Table II). The velocity of sets 2 and 3 is weighted by a coef-

ficient leading to the same maximal volume velocity as for

sets 1, 6, and 7.

Zones with admittance use the same frequency depen-

dence function, Aðf Þ ¼ ðjA0=Q f=f0Þ=ð1� f 2=f 2
0 þ jf=f0QÞ,

with an amplitude of A0 ¼ 1=qc m2s/kg at f0, air density

q ¼ 1:204 kg/m3, and sound celerity c¼ 343 m/s. This value

may seem somewhat extreme, but it allows us to move away

enough from the Neumann (rigid wall) BCs used for the RM

calculation.

Set 10 of Table II contains the source parts, which were

not mentioned in the previous non-overlapping sets (1 to 9).

Thus, the union of the ten sets builds the complete closed

parallelepipedic source surface.

Three source configurations of increasing complexity

were constructed from the vibration patterns and admittance

values provided in Table II:

(1) V1A0. Only one disk (set 1 of Table II), with admittance

A(f), is vibrating on the top of the perfectly rigid body.

The admittance of sets 2 to 10 corresponds to a rigid

case scenario (A¼ 0).

(2) VTAT. All vibrating disks and zones with admittance

A(f) are “turned on” (sets 1 to 9 from Table II). Set 10 is

considered to be perfectly rigid (A¼ 0).

FIG. 1. Problem geometry. The gray rectangular parallelepiped represents

the radiating source. The light gray rectangular surface corresponds to an

infinite reflecting plane located at zg ¼ �0:8 m. The light gray points show

380 identification points (Pi), the thick black points show three planes of

138 estimated points (Pe), and thin black points represent a hemisphere of

694 additional Pe.

1644 J. Acoust. Soc. Am. 155 (3), March 2024 Sanalatii et al.

https://doi.org/10.1121/10.0025022

https://doi.org/10.1121/10.0025022


(3) RABS. All vibrating disks and zones with admittance

A(f) are “turned on” (sets 1 to 9 from Table II). Set 10

has a constant admittance A ¼ 1=qc.

Case V1A0 has then almost the same boundary

Neumann conditions as those used for the RM computations

(however, with a source admittance and a different mesh).

This is a reference case, similar to the ones considered in

previous studies.18,34,37 Case VTAT has a much greater

complexity, with various vibration patterns and admittance

conditions that are not taken into account for RM computa-

tions. It is a realistic case, similar to the experimental one

considered in Sec. IV. The RABS case considers an absorb-

ing condition on all rigid surfaces of case VTAT: although

not a realistic configuration, it is interesting as an extreme

situation for which the entire surface of the system has BCs

different from the model used for RM computations.

Note that, for a band-pass volume velocity frequency

dependence, the radiated pressure has a high-pass behaviour.

Thus, for configurations VTAT and RABS, the number of

active radiating surfaces increases with frequency, and five

sources (sets 1 to 3, 6, and 7 from Table II) of equal volume

acceleration are radiating in the upper frequency band.

The acoustic pressure at Pi and Pe for the three source

configurations V1A0, VTAT, and RABS is computed using

the commercial software SYSNOISE (using the BEM). The

source is discretized with elements having an average length

of 17 mm, leading to results accurate up to 3 kHz according

to the common criterion of at least 6 mesh elements per

wavelength. A reflecting plane is set at zg ¼ �0:8 m.

RMs are computed with a custom BEM code named

FELIN, developed at Laboratoire de M�ecanique et

d’Acoustique (LMA) using published integration routines.47

This RM computation is based on a mesh with elements of

28 mm average side length and considers the Neumann BC

on the entire surface of the source and a reflecting plane at

zg ¼ �0:8 m.

Results are studied in the 30 Hz to 2 kHz frequency

band. The upper frequency results from the mesh size of the

BEM model. The lower frequency has been arbitrarily cho-

sen because, at lower frequencies, most actual sources have

a low efficiency, which does not allow them to reach a good

SNR.

As expressed, the RM method is based on “radiating

RMs” determined from the real part of the radiation imped-

ance. However, it was shown in Ref. 37 that even if some

evanescent field is present at the Pi locations (which is

barely avoidable at lower frequencies), a correct far-field

reconstruction is possible. We assume this is still the case

for the present paper, although this aspect would need fur-

ther investigations.

Pressure reconstruction is performed using the Nm most

efficient modes, with a slight difference compared to previ-

ous work: Nm is first chosen for 90% total efficiency accord-

ing to the R efficiency matrix, and 20 more RMs are then

added to the first Nm ones, as this ensures a minimum num-

ber of terms at lower frequencies. This results in an even

reconstruction accuracy over the whole frequency band.

Actual measurements are always affected by the pres-

ence of electrical and acoustic noise. Thus, in order to bring

TABLE I. Dimensions of the three planes of estimation points (Pe).

Set Plane Extreme corners

1 XY ½�0:95;�0:90; 1:465� m and ½0:25; 0:20; 1:465� m
2 XZ ½�0:95;�0:50;�0:70� m and ½0:25; 0:50; 1:00� m
3 YZ ½�0:90;�0:50;�0:50� m and ½�0:90; 0:40; 1:00� m

FIG. 2. Exploded view of the tested source highlighting the different zones;

their characteristics are given in Table II.

TABLE II. Radiating source BCs.

Set Frequency band Central frequency Face Center Radius Vibration Admittance

1 31� 62 Hz f0 ¼ 44 Hz z¼ z2 ½x2=2; y2=2; z2�m 0.07 m Vðf ; f0Þ Aðf ; f0Þ
2 62� 125 Hz f0 ¼ 88 Hz z¼ z1 ½x2=2; y2=2; z1�m 0.10 m Vðf ; f0Þ Aðf ; f0Þ or 0

3 125� 250 Hz f0 ¼ 177 Hz y¼ y1 ½x2=2; y1; z2=2�m 0.10 m Vðf ; f0Þ Aðf ; f0Þ or 0

4 250� 500 Hz f0 ¼ 354 Hz x¼ x1 ½x1; y3 ¼ 0:255; z3 ¼ 0:480�m 0.06 m 0 Aðf ; f0Þ or 0

5 250� 500 Hz f0 ¼ 354 Hz x¼ x2 ½x2; y3 ¼ 0:255; z3 ¼ 0:480�m 0.06 m 0 Aðf ; f0Þ or 0

6 0.5–1 kHz f0 ¼ 707 Hz y¼ y2 ½x2=2; y1; z2=2þ 0:16�m 0.07 m Vðf ; f0Þ Aðf ; f0Þ or 0

7 0.5–1 kHz f0 ¼ 707 Hz y¼ y2 ½x2=2; y1; z2=2� 0:16�m 0.07 m Vðf ; f0Þ Aðf ; f0Þ or 0

8 1� 2 kHz f0 ¼ 1414 Hz x¼ x1 ½x1; y2=2; z4 ¼ 0:20�m 0.07 m 0 Aðf ; f0Þ or 0

9 1� 2 kHz f0 ¼ 1414 Hz x¼ x2 ½x2; y2=2; z4 ¼ 0:20�m 0.07 m 0 Aðf ; f0Þ or 0

10 31 Hz �2 kHz N/Aa All N/A N/A 0 0 or 1=qc

aN/A, not applicable.
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the simulation conditions closer to the experimental ones,

the pressures at the Pi were blurred using additive noise.

The amplitude of the noise is set to be 40 dB lower than the

mean pressure at the Pi, while its phase is a random function

with a uniform distribution over ½0; 2p�. This choice leads to

an error between 0 and 0.1 dB at the Pi. No noise has been

added to the Pe because we want here to assess the repro-

duction error.

For the three source configurations, Fig. 3 compares

the radiated pressure computed with a BEM and the

pressure reconstructed using the RM method at point

½�0:9;�0:505; 0:37� m.

The pressure reconstruction is rather accurate: The dif-

ference in pressure level between RM reconstruction and

simulation is less than 1 dB over almost the whole frequency

band from 30 Hz to 1 kHz and less than 2 dB up to 2 kHz.

The difference mostly rises at the pressure level dips, where

the RMs are less efficient and the SNR lower. This is char-

acteristic of the RM method, for which the most efficient

modes were chosen, thus favoring directions where the radi-

ated pressure is high.

It is remarkable that an expansion using RMs computed

with Neumann BCs is able to represent radiating objects

with quite different ones—especially case RABS, which has

no surface respecting the Neumann BC. It may only be

remarked that the pressure reconstruction of the V1A0 con-

figuration has a slightly better accuracy than the two other

setups over all the frequency range, which may be related to

the fact that this simpler source has a smoother frequency

response.

The results presented in Fig. 3 therefore tend to indicate

that the RM series is valid for both any vibration shape and

for any BC over the source body. This is quite interesting

for practical purposes, as it would be difficult to know BCs

in actual situations.

The normalized reproduction error Er calculated over

all Pe is given by Eq. (13) and is shown in the upper part of

Fig. 4,

Er ¼ 10 log10ð
ðprm � prÞ

�ðprm � prÞ
p�rmprm

Þ; (13)

where prm is the vector of pressures estimated by the RM

technique and pr is the vector of pressures computed using

the BEM software.

The following simulations deal with the effect of the main

parameters of the RM method. These simulations are per-

formed for the VTAT case, which is the most realistic configu-

ration among those proposed. Note that the following

simulations are still using noisy pressures for Pi but not for Pe.

A. Number of identification points (Pi)

Previous pressure estimations were realized using a grid

of 380 regularly spaced Pi, which would be very time con-

suming in practice. A more realistic number of Pi has been

searched, considering the six following configurations of Pi

shown in Fig. 5:

• G consists of a grid of 380 points creating a rectangular par-

allelepiped with extreme corners located at ½x ¼ x1 � 0:2;
y ¼ y1 � 0:2; z ¼ z1 � 0:2� m and ½x ¼ x2 þ 0:2; y ¼ y2

þ 0:2; z ¼ z2 þ 0:2� m; thus, all Pi are 20 cm away from

each side of the source [see Fig. 5(a)]. G is the grid used for

the simulations presented so far.
• G/4 consists of a grid of 95 points [see Fig. 5(b)].
• G/6 consists of a grid of 64 points [see Fig. 5(c)].
• G/8 consists of a grid of 48 points [see Fig. 5(d)].
• G/12 consists of a grid of 32 points [see Fig. 5(e)].
• G/24 consists of a grid of 16 points [see Fig. 5(f)].

The Pi for grids G/4, G/6, G/8, G/12, and G/24 were

randomly chosen from grid G in order to ensure an almost

homogeneous distribution around the source.

As stated above, we ensure an overdetermination when

computing the pseudo-inverse of the transfer matrix Hi.

The number of used RMs has therefore been limited to 80%

FIG. 3. (Upper graph) Frequency response of configurations V1A0, VTAT,

and RABS at the point depicted by •: BEM computation and RM recon-

struction. (Lower graph) The pressure level difference between BEM com-

putation and RM reconstruction.

FIG. 4. (Upper graph) Global reproduction error Er for the configurations

V1A0, VTAT, and RABS. (Lower graph) Percentage of points with error

higher than 3 dB.
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of the number of Pi for each tested grid. This can be seen on

Fig. 6, where the RM number is almost constant at lower

frequencies, rising slowly over the minimum value of 20.

The quicker rise at mid frequencies is governed by the RM

radiation efficiencies, while the number at higher frequen-

cies is limited by the selected number of Pi.

The global reproduction error and the pressure estima-

tion at one point are presented in Figs. 7 and 8, respectively.

It can be noticed that meshes G/12 and G/24 exhibit a larger

error than the other meshes at low frequencies. Also, a sharp

error increase occurs above frequencies for which the maxi-

mum number of RMs is reached. This limit might be over-

come by using more RMs at higher frequencies, thus

requiring regularization of the underdetermined problem, or

by a different selection of the RMs. Another solution would

be to implement a sparse regularization method as proposed

by Bi et al.18 This improvement is however beyond the

scope of the present work.

B. Discretization of the radiating surfaces

A common rule of thumb of 6 elements per wavelength

is usually used to define a mesh size (element’s side length).

However this rule might be somewhat relaxed for the RM

computation, as mentioned in previous papers.36,37 In this

section, we thus compare the results estimated from RMs

computed using coarser meshes with element sizes larger

than the one used until now (D¼ 28 mm): i.e., D¼ 70, 112,

224, and 448 mm. All computations are done with a grid G

FIG. 5. Six grids of identification points Pi: G (a), G/4 (b), G/6 (c), G/8 (d), G/12 (e), and G/24 (f).

FIG. 6. Number of RMs used for estimation with six grids of Pi (G, G/4, G/

6, G/8, G/12, and G/24).
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of 380 Pi. Details concerning the five tested meshes used

here are given in Table III, and results are plotted in Fig. 9.

This figure shows that the mesh might be coarsened up

to about 1 element per wavelength. This probably results

from the fact that we are using only the first RMs, which

usually have simple shapes, and may thus be described by a

coarser mesh than the actual vibration shapes. Selection of

higher order ones might lead to different requirements. In

our case, such a coarse mesh allows a tremendous decrease

in the computation time: The time needed to compute and

expand the impedance matrix decreases rapidly with the

number of elements, itself decreasing with the mesh size.

For coarser meshes, the overall computation time is thus

dominated by the one related to propagating the RM patterns

toward the field points. Therefore, since a dense frequency

vector is required in the experimental part of the paper (Sec.

IV), we use a 70 mm mesh size, which provides almost the

same result as a 28 mm mesh size up to 2 kHz but reduces

the computation time by a factor of around 80.

C. Bringing simulation closer to measurements

The noise added at Pi allows to evaluate the robustness

of the RM method, but such simulation does not allow us to

anticipate the performance of the RM results in the subse-

quent experiments presented in Sec. IV, for which pressures

at Pi and Pe are both noisy. So, we also added noise at the

Pe. The amplitude of this additive noise was set 40 dB lower

than the mean pressure at the Pi, with a phase defined as a

random function with a uniform distribution in ½0; 2p�, lead-

ing to a 1 to 2 dB error at Pe.

Since both pressures at Pi and Pe are noisy, the differ-

ence between BEM computation and their estimation using

the RM method should be considered as a “discrepancy” E0r
rather than an “error.” This discrepancy is calculated using

Eq. (14),

E0r ¼ 10 log10

�
ðprm � p0�r Þðprm � p0rÞ

p�rmprm

�
; (14)

where prm is the vector of the pressures estimated by the

RM technique and p0r is the vector of pressures computed

with the BEM with additive noise. This equation will also

be used in Sec. IV, where all measurements will inevitably

be noisy.

The results are presented in Fig. 10. Due to the additive

noise at both Pi and Pe, we can see a significant increase in

the reconstruction discrepancy E0r compared to the recon-

struction error Er. This is only noticeable at lower frequen-

cies in our case and is hardly perceptible at higher

FIG. 7. (Upper graph) Global reproduction error Er for G, G/4, G/6, G/8, G/

12, and G/24. (Lower graph) Percentage of points with an inaccuracy larger

than 3 dB.

FIG. 8. (Upper graph) RM frequency response reconstruction with grids G,

G/4, G/6, G/8, G/12, and G/24 at the point depicted by •. (Lower graph)

The pressure level difference between reconstruction with the grid G and

grids G/4, G/6, G/8, and G/12.

TABLE III. Computation details.

Parameter

Result for mesh element length of:

28 mm 70 mm 112 mm 224 mm 448 mm

No. of elements in the mesh 5620 978 440 160 56

No. of computed RMs 200 200 200 160 56

No. of points 1388 1388 1388 1388 1388

No. of computed frequencies 158 158 158 158 158

Computation timea 54 h 38 min 17 min 3.5 min 55 s

aUsing a Xeon processor (4 cores) running at 3.6 GHz.

FIG. 9. (Upper graph) Global reproduction error Er for mesh element size

D¼ 28, 70, 112, 224, and 448 mm. (Lower graph) Percentage of points with

an inaccuracy larger than 3 dB.
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frequencies, where the reconstruction error is much larger

when compared to the one due to the added noise.

D. Pressure reconstruction over a hemisphere

The RMs computed from the real part of the impedance

matrix are better suited to represent the far-field pressure, as

stated in Sec. II B. Therefore, Pe locations further away

should lead to more accurate field reconstruction. This can

be seen on Fig. 10, where a thin dashed-dotted line repre-

sents the normalized reproduction error for a hemisphere of

694 points located 3 m away from the source (small black

points of Fig. 1). The RM method thus allows computation

of pressures at intermediate distances, such as the one con-

sidered for the Pe planes, which are compatible with usual

measurement facilities. However, it is even better suited to

estimate the acoustic pressure at greater distances that can

barely be considered for actual measurements. Moreover, a

great number of far-field estimations may be obtained from

a much smaller number of measurements close to the

source. Anechoic measurements may even be estimated

from in situ measurements.36

E. Effect of temperature

This section examines the effect of temperature variations

on the pressure estimation using the RM technique. Virtual

measurements on Pi were computed for large temperature

variations: 0 �C (c¼ 331.5 m/s, q ¼ 1:293 kg/m3), 20 �C
(c¼ 343.0 m/s, q ¼ 1:204 kg/m3), and 30 �C (c¼ 349.2 m/s,

q ¼ 1:164 kg/m3). The goal is to reconstruct the pressure field

at 20 �C using the RMs also computed at 20 �C.

Results are given in Fig. 11. One can note that the

higher is the deviation from the VM temperature, the higher

is the extrapolated pressure discrepancy. However, this dis-

crepancy mostly increases at the dips of the pressure levels,

as it can be seen in Fig. 12. Thus, the inevitable temperature

variations when measuring pressure signals at the Pi (using

a single moving microphone) should result in an acceptable

discrepancy.

IV. MEASUREMENTS

In this section, the RM method is now assessed on

actual acoustic sources. Two different systems have been

built:

• Closed box source. A rigid box of outer dimensions 0:4�
0:5� 0:665 m is equipped with a Scan-Speak 18S/

8531G00 loudspeaker (Scan-Speak A/S, Videbaek,

Denmark) of diameter 0.14 m, located on the top face [see

Fig. 13(a)]. The enclosure is built with 20 mm thick

medium density fiberwood (MDF) panels. Internal metal-

lic bracing is added to strengthen the structure.
• Complex box source. The complex box source has the

same structure as the closed box source, but with three

important changes: a rectangular vent of 0:05� 0:20 m

has been added, connecting the interior volume to the

exterior one. A 0.12 m diameter horizontal through tube

is now connecting two sides of the source, and two facing

wooden faces have been replaced by Plexiglas plates of

FIG. 10. (Upper graph) Global reproduction error Er of the reconstructed

pressure with additive noise at Pi only (light gray dashed curve), with addi-

tive noise at Pi and Pe (gray plain curve) and pressure reconstruction on

points Pe located on the virtual hemisphere (light-gray dashed-dotted curve).

(Lower graph) Percentage of points with an inaccuracy larger than 3 dB.

FIG. 11. (Upper graph) Global reproduction error for three temperatures for

the VTAT configuration. (Lower graph) Percentage of points with an inac-

curacy larger than 3 dB.

FIG. 12. (Upper graph) RM reconstruction of the frequency response with

the temperature variation at the point depicted by •. (Lower graph) The

pressure level difference between BEM calculation and RM reconstruction

for 0 �C, 20 �C, and 30 �C.
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1 and 2 mm thickness [see Fig. 13(b)]. The intention

behind this design is to create a source with complex

BCs, significantly different from the Neumann conditions

used for RM calculation, and with a complex acoustic

radiation pattern.

For the measurements, each source was attached to the

top of a 0.778 m high metallic structure, which consists of

12 mm diameter perforated tubes. Bitumen strips were

attached to the tubes to dampen parasitic vibrations.

All measurements were carried out in the semi-

anechoic room of Centre de Transfert de Technologie

(CTTM), which has a working volume of 1000 m3 and a

cut-off frequency of 70 Hz. Pressure signals at Pi and Pe

were recorded using a single 1/2 in. Br€uel & Kjaer micro-

phone connected to a Nexus conditioning amplifier (Br€uel &

Kjaer, Virum, Denmark). A National Instruments USB-4431

acquisition board was used for the acquisition (National

Instruments, Austin, TX). The microphone was moved to

each measurement position using a three-axis robot, thus

avoiding calibration issues. Both sources were driven by an

amplifier providing a 5 root mean square volt (Vrms) step

sine signal from 42 Hz to 5 kHz with a 3 Hz frequency

resolution.

The frequency transfer functions between amplifier

input voltage (0.5 Vrms) and measured pressure were com-

puted using from 5 to 20 steady-state measurement averages

and from 12 to 60 settle cycles. The number of averages and

settle cycles were adapted according to the output and input

signals’ coherence. Generation of the excitation signal,

microphone signal acquisition, as well as results post-

processing were carried out using INTAC, a measurement

software developed at CTTM.

The 380 Pi are located as presented in case G from Sec.

III A, and the Pe positions are the ones presented in Sec. III

and Table I. The pressure calculation with the RM method

is performed using a regular mesh with a 70 mm element

size. As for the simulations, pressure reconstruction is com-

puted with Nm þ 20 RMs. The two tested sources were mea-

sured over a period of 2 weeks with temperature variations

between 14 �C and 17 �C. Consequently, the RMs were cal-

culated for a temperature of 15 �C (c¼ 340 m/s, q ¼ 1:225

FIG. 13. Tested radiating sources: Closed

box (a) and complex box with a 0:05�
0:20 m rectangular vent, a 0.12 m diame-

ter through tube, and 2 Plexiglas plates

(b).

FIG. 14. Panoramic view of the measurement set-up with the “complex box” source.
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kg/m3). The panoramic view of the measurement set-up is

presented in Fig. 14.

A second 1/2 in. Br€uel & Kjaer microphone was placed

at a fixed position about 4 m from the source. The purpose

of this microphone was to monitor the stability of the source

during the measurement campaign. Figures 15 and 16 show

the stability of the set-up for the “closed box” and “complex

box” sources, respectively. Nine measurements are plotted

on each figure: The 5 first ones were taken during the mea-

surements of Pi and the 4 last ones during the measurements

of Pe. The measurements were carried out on various days,

with different positions of the robot arm and with different

room temperatures. This being said, the difference between

the “control measurements” of the “closed box system,”

which is around 62 dB (see Fig. 15) at mid and high fre-

quencies seems rather acceptable. On the other hand, the

structure of the “complex box” source introduces much

more disturbance of the radiated pressure field: an inaccu-

racy of about 63 dB can be noticed even at low frequencies,

reaching as much as 66 dB for some frequencies. It is sus-

pected that this instability in the response of the “complex”

source is mainly due to the behavior of the Plexiglas plates,

which evolved during the measurements and probably

changed the BCs and the acoustic radiation.

Figure 17 shows the global discrepancy of the RM pres-

sure reconstruction for the “closed box” and “complex box”

sources.

The fact that the discrepancy of the global reconstruc-

tion increases with frequency for the tested sources can be

explained by 2 phenomena: (1) not optimal positions of Pi,

where some of the points possibly provide a redundant

information,37 and (2) sharp local dips of pressure level,

which are hardly reconstructed by RMs, which are selected

for their radiation efficiency.

It can also be seen that the reconstruction discrepancy

peaks for the “complex box” observed around 40, 70, 150,

280, 550, and 780 Hz coincide with the pressure level devia-

tions due the system instability during measurements (see

Fig. 16). A similar situation can be reported for the “closed

FIG. 15. Stability of the measurement system for the closed box source.

(Upper graph) Nine measurements of the pressure level at the same posi-

tion. (Lower graph) Pressure level differences.

FIG. 16. Stability of the measurement system for the complex box source.

(Upper graph) Nine measurements of the pressure level at the same posi-

tion. (Lower graph) Pressure level differences.

FIG. 17. (Upper graph) Global reproduction discrepancy of the pressure

reconstruction of the “closed box” and “complex box” sources. (Lower

graph) Percentage of points where a difference between pressure measure-

ment and estimation is superior to 3 dB.

FIG. 18. (Upper graph) Frequency response at the point depicted by • for

the “closed box” source. (Lower graph) Pressure level difference between

measurement and RM method reconstruction.
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box” source: discrepancy peaks at 220, 280, and 550 Hz

coincide with the pressure level deviation peaks of Fig. 15.

Nevertheless, it can be noted that the pressure reconstruction

remains rather accurate (within 62 dB) over almost the

whole frequency range.

Figures 18 and 19 represent the pressure reconstruction

for the “closed box” and “complex box” sources at the point

½�0:9;�0:505; 0:37� m. This point is at a more or less equal

distance from the upper loudspeaker and the floor. The RM

pressure reconstruction sticks to the measurement within

62 dB over almost all of the frequency band range from

30 Hz to 1 kHz. The peaks of the difference between mea-

surement and estimation are mostly related to the drops of

pressure levels in the system response at this position. It can

be noticed that, globally, the pressure field is correctly

reconstructed, except for some points showing drops in pres-

sure level.

Figure 20 presents an overview of the pressure recon-

struction at all others Pe around the “complex source.”

Three maps at 762, 768, and 774 Hz show the pressure level

differences between measurements and RM estimates.

These frequencies are chosen in order to capture the dip at

770 Hz seen on Fig. 19. Once again, we note a quite small

difference (<3 dB) between the measurements at all Pe and

the pressure reconstruction with the RM technique. The dif-

ference only increases at specific locations corresponding to

pressure level dips.

V. CONCLUSION AND FUTURE WORK

The present work studied the possibility to reconstruct

the pressure generated in the far field by a complex source,

using RMs computed over its surface. The RMs used in this

work were calculated using a perfectly rigid radiation body.

Simulations and measurement tests were carried out for

two systems of similar size: a closed box system with a

body admittance close to that used for the RM calculation

and a “worst case” source, including non-rigid walls, open-

ings, and complex vibration patterns. In order to allow com-

parison with real measurements, noise was added to the

simulated data.

Very good results have been obtained for both simula-

tions and actual measurements. The difference between the

estimated far-field pressure and the measured one remains

within 2� 3 dB almost over all the frequency range. This

difference increases on the system response minima, for

which the chosen RM combination is not appropriate, as it

favors directions where the pressure field is efficiently

radiated.

Furthermore, for the actual measurements, correct

results up to 2 kHz were obtained using a mesh with 70 mm

side length elements. This extends considerably the rule of

thumb of 6 elements per wavelength commonly used in

BEMs: indeed, about 1 element per wavelength seems suffi-

cient. This result probably comes from the truncation of the

RM series to the first (most radiating) terms, which exhibit

smooth patterns, so the required mesh does not need to rep-

resent the actual vibration field or geometrical details of the

source body. The possibility to use very rough and approxi-

mate mesh has also been investigated and has led to a signif-

icant reduction in the calculation time for radiation modes,

FIG. 19. (Upper graph) Frequency response at the point depicted by • for

the “complex box” source. (Lower graph) Pressure level difference between

measurement and RM method reconstruction.

FIG. 20. Complex source cartography: 762 Hz (a), 768 Hz (b), and 774 Hz (c).
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although with a reduction in the maximum frequency of use

for the coarsest meshes. Indeed, decreasing of the number of

elements in the mesh by 5 times decreases the computation

time by 85 times.

The robustness of the RM technique to temperature var-

iations was also investigated. Small temperature differences

between measurements will cause very small estimation

inaccuracy. As a result, it can be expected that RMs com-

puted for a given temperature may be used for the pressure

estimation at a different temperature.

Future work is still needed to improve the RM method:

A better selection of the RM subset could be carried out to

favor sparsity (thus reducing the computing time) or to

allow for a better reconstruction of the dips in the radiation

pattern. Another potential improvement would be the possi-

bility to use the RMs calculated on a surface that does not

exactly match the real shape of the tested object, thus sim-

plifying the computer-aided design (CAD) modeling phase.

As the RM method can reconstruct both acoustic pressure

and velocity quantities, it could be used to extrapolate the

intensity field, allowing virtual intensity mapping. More

complex sources, with several incoherent radiated compo-

nents, should then be tested. This might require a principal

component analysis (PCA) step coupled to the RM method.
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