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Introduction Without flow With flow 



Geometry of corrugated pipe
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𝑙

𝑅 𝑅𝑐𝑊

𝜎 = 𝑊/𝑙
𝑒 = 𝑑/𝑙

𝑑 = 𝑅𝑐 − 𝑅

𝑑

𝑅 = 15 mm, 𝑊 = 4 mm
𝑑 = 4 mm, 𝑙 = 12 mm

𝐿

𝑅𝑎1

𝑏1

𝑎2

𝑏2

𝑃+𝑒−𝑗𝑘𝑒
+𝑥

𝑃−𝑒−𝑗𝑘𝑒
−𝑥𝑈0

Corrugated tube

• Axisymmetric corrugated pipe of length 
𝐿 = 2 m and diameter 30 mm

• Measurements of scattering matrix with 
through–flow at different Mach numbers 
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Corrugated tube as an effective wall medium

4

𝐿

𝑅𝑎1
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𝑎2

𝑏2

𝑃+𝑒−𝑗𝑘𝑒
+𝑥

𝑃−𝑒−𝑗𝑘𝑒
−𝑥𝑈0

Corrugated tube

𝑎1

𝑏1

𝑎2

𝑏2
𝑃+𝑒−𝑗𝑘𝑒

+𝑥
𝑃−𝑒−𝑗𝑘𝑒

−𝑥

Effective medium  𝑍𝑒
±

𝑈0

One-dimensional acoustic propagation in the corrugated tube 
considered to be described by an effective medium: 

• 𝑍𝑒
± : Effective characteristic impedance

• 𝒌𝒆
±: Effective wavenumber 

Properties allowed to be direction dependent

𝑍𝑒
± and 𝑘𝑒

± extracted from scattering matrix of corrugated pipe 
(measured between smooth pipes)
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Corrugated tube as an effective wall admittance
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+𝑥
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−𝑥

Effective medium  𝑍𝑒
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𝑈0

𝑎1

𝑏1

𝑎2

𝑏2
𝑃+𝑒−𝑗𝑘𝑒

+𝑥
𝑃−𝑒−𝑗𝑘𝑒
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Effective wall admittance  𝑌𝑐
±

𝑈0
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Corrugated tube as an effective wall admittance
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𝑎1

𝑏1

𝑎2

𝑏2
𝑃+𝑒−𝑗𝑘𝑒

+𝑥
𝑃−𝑒−𝑗𝑘𝑒

−𝑥

Effective medium  𝑍𝑒
±, 𝑘𝑒

±

𝑈0

𝑎1

𝑏1

𝑎2

𝑏2
𝑃+𝑒−𝑗𝑘𝑒

+𝑥
𝑃−𝑒−𝑗𝑘𝑒

−𝑥

Effective wall admittance  𝑌𝑐
±

𝑈0

Without flow (𝑘𝑒 = 𝑘𝑒
+ = 𝑘𝑒

−): 

𝑌𝑐 = −𝑗𝑅
𝛼±𝐽1 𝛼𝑟

𝐽0 𝛼𝑟
, with 𝛼 = 𝑘0

2 − 𝑘𝑒
2
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Wall admittance measured without flow
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Wall admittance measured without flow
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Small but non-negligible 
compliance of the wall
is observed:
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Introduction Without flow With flow 
Model for admittance
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Equivalent admittance of 2D
corrugations to incident field
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𝑙

𝑅𝑊

𝜎 = 𝑊/𝑙

𝑑

Equivalent boundary condition computed by homegenization of a periodic
latice of 2D cavities: 

𝑣 𝑥, 𝑅 = 𝑑𝜎𝜕𝑟𝑣  
𝑟=𝑅

+ 𝑙𝐶𝜕𝑥𝑢  
𝑟=𝑅

with 𝐶 computed from incompressible problem in longitudinal direction.

In 2D with rigid wall at R in front of corrugation, 𝑝 = 𝑃 cos 𝛼𝑟 ,

leading to 𝑌𝑐 =
𝑣 𝑅

𝑝 𝑅
= 𝑗𝑘0𝑅

𝑑

𝑅
𝜎 1 −

𝑘

𝑘0

2

+
𝑙𝐶

𝑅

𝑘

𝑘0

2

𝑘

𝑘0

2

~1 => compressibility term will be much smaller than inertance term.

Actually:  Compressibility: 𝑌𝑐𝐶𝑜𝑚𝑝.~𝑗𝑘0𝑅
2𝜎𝐶𝑑𝑙

𝑅2+𝑑𝑅𝜎
= 0.01

Inertance: 𝑌𝑐𝐼𝑛𝑒𝑟𝑡.~𝑗𝑘0𝑅 𝑙𝐶
𝑅+𝑑𝜎−2𝑙𝐶

𝑅2+𝑑𝑅𝜎
= 0.064
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Wall admittance measured without flow
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𝑣 𝑥, 𝑅 = 𝑑𝜎𝜕𝑟𝑣  
𝑟=𝑅

+ 𝑙𝐶𝜕𝑥𝑢  
𝑟=𝑅
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Wall admittance measured without flow
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𝑣 𝑥, 𝑅 = 𝑑𝜎𝜕𝑟𝑣  
𝑟=𝑅

+ 𝑙𝐶𝜕𝑥𝑢  
𝑟=𝑅

The classical homogenization 
(and the way we understand 
impedance or admittance) forgets 
the most important contribution
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Corrugated tube as an effective wall admittance
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𝑎1

𝑏1

𝑎2
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𝑃+𝑒−𝑗𝑘𝑒

+𝑥
𝑃−𝑒−𝑗𝑘𝑒

−𝑥

Effective medium  𝑍𝑒
±, 𝑘𝑒

±

𝑈0

𝑎1

𝑏1

𝑎2

𝑏2
𝑃+𝑒−𝑗𝑘𝑒

+𝑥
𝑃−𝑒−𝑗𝑘𝑒

−𝑥

Effective wall admittance  𝑌𝑐
±

𝑈0

Without flow: 

𝑌𝑐 = −𝑗𝑅
𝛼±𝐽1 𝛼𝑟

𝐽0 𝛼𝑟
, with 𝛼 = 𝑘0

2 − 𝑘𝑒
2

With flow: Ingard–Myers Boundary Condition: 

𝑌𝑐
± = −𝑗𝑅

𝑘0
2

Ω±2

𝛼±𝐽1 𝛼±𝑟

𝐽0 𝛼±𝑟
, with 𝛼± = Ω±2

− 𝑘𝑒
±2

, Ω± = 𝑘0 − 𝑀0𝑘𝑒
±
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Wall admittance measured with flow

Oscillations: 

• Large oscillations of both 
ℜ 𝑌𝑐

± and ℑ 𝑌𝑐
±

• Frequency of oscillations 
dependant on flow velocity: 
constant 𝑆𝑟

• Frequency range where 
ℜ 𝑌𝑐

± < 0: wall acts as sound 
amplifier

• If conditions are (un)favorable, 
whistling will occur at these 
frequencies

But also:

• 𝑌𝑐
± is not unique: 𝑌𝑐

+ ≠ 𝑌𝑐
−

• Behavior similar to liners
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Stress–Impedance model 

0

𝑅

𝑌𝑐
± = 𝑌𝜏 +

𝑘𝑒
±

𝜔
𝑓𝜏, 

where 𝑌𝜏 is the admittance 
of the lined wall and 𝑓𝜏 is a 
friction coefficient depending 

on the pressure at the wall 𝑓𝜏 =
𝜏𝑤

𝑝𝑤
. 

𝜏𝑤 describes an unsteady transfer of momentum from the flow 
into the wall due to cavities and to turbulent effects.

From two different values 𝑘𝑒
±, we obtain two different values 𝑌𝑐

±, 
and then we can computed  𝑌𝜏 and  𝑓𝜏 :

𝑓𝜏 =
𝑘0

𝑘𝑒
+−𝑘𝑒

− 𝑌𝑐
+ − 𝑌𝑐

− , 𝑌𝜏 = 𝑌+ −
𝑘𝑒

+

𝑘0
𝑓𝜏

Introduction Without flow With flow 
Stress-impedance model



Effective wall admittance with stress-impedance 
model
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Effective medium  𝑍𝑒
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Effective wall admittance  𝑌𝑐
±

𝑈0

Ingard–Myers Boundary Condition: 

𝑌𝑐
± = −𝑗

𝑘0

Ω±2

𝛼±𝐽1 𝛼±𝑟

𝐽0 𝛼±𝑟
, with 𝛼± = Ω±2

− 𝑘𝑒
±2

, Ω± = 𝑘0 − 𝑀0𝑘𝑒
±

Stress impedance model: 

𝑌𝑐
± = 𝑌𝜏 +

𝑘𝑒
±

𝜔
𝑓𝜏, leads to 𝑓𝜏 =

𝑘0

𝑘𝑒
+−𝑘𝑒

− 𝑌𝑐
+ − 𝑌𝑐

−

𝑌𝜏 = 𝑌+ −
𝑘𝑒

+

𝑘0
𝑓𝜏

𝑎1
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𝑎2

𝑏2
𝑃+𝑒−𝑗𝑘𝑒

+𝑥
𝑃−𝑒−𝑗𝑘𝑒

−𝑥

Effective wall admittance  𝑌𝜏 and friction coefficient 𝑓𝜏

𝑈0
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Wall admittance measured with flow: 
Stress impedance model
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Introduction Without flow With flow 
Measured stress-impedance



Conclusions

• Using methods describing propagation in treated 
ducts for corrugated pipes: 

Without flow:
• Gives insight on how cavities change admittance of the wall

• Homogenization should not only consider compressibility as 
could be assumed intuitively

With flow: 
• The "source of sound" corresponds to negative real admittance 

of equivalent pipe wall

• Unique wall admittance does not exist: 2 quantities are 
required, for example with stress-impedance model 

=>  friction coefficient seems to indicate that friction changes with 
delay of convected vorticity
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Wall admittance measured with flow: 
Stress impedance model
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Wall admittance measured with flow: 
Stress impedance model
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Stress–Impedance results 
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Wall admittance measured without flow

25

Introduction Wall admittance          Without flow          With flow 

• The visco-thermal losses 
(ℑ 𝑘𝑒 ) have a small 
effect on the speed of 
sound (ℜ 𝑘𝑒 )

• This is also seen on ℑ 𝑌

• If v-t losses are removed 
from 𝑘𝑒, measurement
"corresponds to the 
inviscid model"



Stress–Impedance model 

To the first order in ,
the variation of the 
pressure and of the vertical 
displacement in the 
boundary layer can be 
neglected 

Layer 1

Layer 2
Layer 3



Stress–Impedance model 

Layer 3

is intended to describe an unsteady 
transfer of momentum from the flow into the 
wall due to wall holes and to turbulent effects. 

Integrating the momentum eq. in 
the Layer 3 leads to:

From Zhang & Bodony, (JFM 2016)



Stress–Impedance model 

The equivalent admittance                             ,

seen by a wave propagating in a uniform flow, 

can be computed from the admittance of the wall 

and the friction coefficient defined by


